
A Simulation Details and Supplementary Analysis762

A.1 General Experimental Setup763

Throughout all simulations presented in this paper, we consistently set the spatial dimension to 𝐿 = 4.764

The core experimental setup follows that described in Example 3.1. Specifically, the vectors 𝑀1
, . . . , 𝑀

𝐿765

are outputs of MatMul, defined by766

𝑀
𝑀 = 𝑁

𝑀

𝑂 (𝑃 → [𝐿]).
Each element of the initial vector 𝑂 → R𝑁 is sampled independently from a standard normal distribution.767

For all weight matrices involved in the attention mechanism 𝑁
𝑂,𝑃

,𝑁
𝑄 ,𝑃

,𝑁
𝑅 ,𝑃

,𝑁
𝑆,𝑃 and the768

matrices 𝑁 𝑀 generating 𝑀
𝑀 , we set769

𝑄
2
𝑇

𝐿,𝑀 = 𝑄
2
𝑇

𝑁 ,𝑀 = 𝑄
2
𝑇

𝑂 ,𝑀 = 𝑄
2
𝑇

𝑃,𝑀 = 𝑄
2
𝑇

𝑄 = 1.

The elements of these weight matrices are independently sampled from N(0,𝑄2
𝑇
/𝑅), where 𝑄

2
𝑇

is770

the respective variance (here, 1).771

Under this setup, the input vectors 𝑀 𝑈 to the attention layer are designed such that their infinite-width772

limits 𝑆 𝑉
𝑅 are uncorrelated for 𝑇 ω 𝑇

↑, i.e.,773

E[𝑆 𝑉
𝑅
𝑆
𝑉
𝑅↑ ] = 0 ( 𝑇 , 𝑇 ↑ → [𝐿], 𝑇 ω 𝑇

↑).
Furthermore, the infinite-width limit 𝑆 𝑉

𝑄 has the variance774

E[(𝑆 𝑉
𝑄 )2] = 1 (𝑃 → [𝐿]).

Consequently, the covariances of the limiting variables for the vectors 𝑈̃𝑃, 𝑈 and dot-product scores775

𝑉
(𝑃)
𝑀, 𝑈

simplify as described in Example 3.1,776

Cov(𝑆 𝑊̃
𝑀, 𝑅
, 𝑆

𝑊̃
𝑀↑ , 𝑅↑ ) =

{
E[(𝑆 𝑉

𝑅 )2] (𝑊 = 𝑊
↑
, 𝑇 = 𝑇

↑),
0 (otherwise).

and777

Cov(𝑉 (𝑃)
𝑀, 𝑈

, 𝑉
(𝑃↑ )
𝑀
↑
, 𝑈

↑ ) =
{(
E[(𝑆 𝑉

𝑄 )2]
)2

(𝑊 = 𝑊
↑
, 𝑃 = 𝑃

↑
, 𝑇 = 𝑇

↑),
0 (otherwise).

To estimate the empirical distributions of finite-width attention outputs and their corresponding778

infinite-width limits, we employ Monte Carlo sampling. For each such estimation, 300, 000 samples779

are drawn. Kernel density estimation (KDE) is used to visualize these empirical distributions.780

A.2 Analysis of Low-Rank Attention781

A.2.1 Specific Setup for Low-Rank Attention782

In practice, large-scale Transformers typically assume a specific embedding dimensionality for783

multi-head self-attention layers. For head counts 𝑋, the embedding dimension 𝑅 is set linearly as784

𝑅 = 𝑋𝑅𝑋 , where 𝑅𝑋 denotes the head dimension and determines the sizes of weight matrices as785

𝑁
𝑂,𝑃

,𝑁
𝑄 ,𝑃

,𝑁
𝑅 ,𝑃 → R𝑁𝑆↓𝑁. Thus, the QK product becomes low-rank relative to the embedding786

dimension 𝑅, and the scaling factor is given by 1/↔𝑅𝑋 as follows:787

𝑉
(𝑃)
𝑀, 𝑈

=
1↔
𝑅𝑋

(𝑁𝑂,𝑃

𝑀
𝑀)↗ (𝑁𝑄 ,𝑃

𝑀
𝑈 ) (𝑃, 𝑇 → [𝐿], 𝑊 → [𝑋]).

For example, the original Transformer architecture sets 𝑋 = 8 and 𝑅𝑋 = 64. Large-scale models788

often increase the number of heads to be on the order of the hidden embedding dimension [EXW+24],789

as seen in GPT-3 (175B parameters), which sets 𝑋 = 96 and 𝑅𝑋 = 128.790

Additionally, since the output from each head is also of dimension 𝑅𝑋 through the value matrix, an791

output weight 𝑁𝑆,𝑃 → R𝑁↓𝑁𝑆 is applied to map it back to the 𝑅-dimensional input for the subsequent792

layer:793

𝑌
𝑀 =

𝑋∑
𝑃=1

𝐿∑
𝑈=1

SoftMax 𝑈 (𝑉 (𝑃)
𝑀,1 , . . . , 𝑉

(𝑃)
𝑀,𝐿

)𝑁𝑆,𝑃

𝑁
𝑅 ,𝑃

𝑀
𝑈 (𝑃 → [𝐿]).
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Figure 3: Comparison of the distribution of the attention output 𝑌1
1 under the low-rank setting and

its infinite-width limit 𝑆 𝑌 . Kernel density estimates of the empirical distribution (via Monte Carlo
sampling) of 𝑌1

1 for various widths 𝑅 and head counts 𝑋 (with 𝑅𝑋 = 𝑅/𝑋 = 64 is fixed, dashed lines)
alongside that of 𝑆 𝑌 (solid lines). The plot shows convergence to the infinite-width limit as 𝑅 and 𝑋

increase proportionally.

Note that, to ensure the dot-product scores and the attention outputs are of order 1, the weight matrices794

are randomly initialized with the following scales:795

𝑁
𝑂,𝑃

𝑍𝑎
,𝑁

𝑄 ,𝑃

𝑍𝑎
,𝑁

𝑅 ,𝑃

𝑍𝑎
↘ 𝑍 (0,𝑄2

𝑇
/𝑅), 𝑁

𝑆,𝑃

𝑍𝑎
↘ 𝑍 (0,𝑄2

𝑇
/𝑅𝑋 ) (𝑎, 𝑏 → [𝑅]).

A.2.2 Results and Discussion796

Finally, we investigate the behavior of the attention output 𝑌1 in the low-rank regime described797

above, where the number of heads 𝑋 increases proportionally with 𝑅. Fixing the head dimension798

𝑅𝑋 = 𝑅/𝑋 = 64, Figure 3 presents kernel density estimates of the distribution of 𝑌1
1 for (𝑅,𝑋) →799

{(64, 1), (256, 4), (1024, 16)}, alongside the distributions of their corresponding infinite-width limit800

𝑆
𝑌 , approximated via Monte Carlo sampling. In all cases, the finite-width estimates (dashed lines)801

closely track the infinite-width limits (solid lines).802

Notably, even in these practically relevant settings employing low-rank attention (where head-803

specific projections are 𝑅𝑋 ↓ 𝑅 or 𝑅 ↓ 𝑅𝑋 rather than the 𝑅 ↓ 𝑅 matrices primarily assumed in our804

formal derivations in Theorem 3.1), our infinite-width framework continues to provide an excellent805

approximation. This agreement suggests that the core principles of convergence captured by our806

theory extend robustly to common architectural variants like low-rank attention (with appropriate807

scaling considerations), underscoring the practical utility of our theoretical predictions under these808

structural assumptions common in modern attention models."809

B Mathematical Tools810

B.1 Basics811

Lemma B.1. For 1 ≃ 𝑐 ≃ ⇐ and 𝑊1, . . . , 𝑊𝑏 → R, we have812 &&&&&
𝑏∑
𝑀=1

𝑊𝑀

&&&&&
𝑐

≃
(

𝑏∑
𝑀=1

|𝑊𝑀 |
)
𝑐

≃ 𝑑
𝑐⇒1

𝑏∑
𝑀=1

|𝑊𝑀 |𝑐.

Proof. The first inequality is an application of the triangle inequality. The second inequality follows813

from Jensen’s inequality. Since 𝑐 ⇑ 1, the function 𝑀 ⇓⇔ 𝑀
𝑐 on [0,⇐) is convex, and thus Jensen’s814

inequality implies815 (
𝑏∑
𝑀=1

|𝑊𝑀 |
)
𝑐

= 𝑑
𝑐

(
1
𝑑

𝑏∑
𝑀=1

|𝑊𝑀 |
)
𝑐

≃ 𝑑
𝑐

1
𝑑

𝑏∑
𝑀=1

|𝑊𝑀 |𝑐 = 𝑑
𝑐⇒1

𝑏∑
𝑀=1

|𝑊𝑀 |𝑐

as desired. ↭816
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Lemma B.2 (Portmanteau lemma (Lemma 2.2 in [Vaa98])). The following conditions are equivalent.817

(i) 𝑒𝑁

𝑑⇒⇔ 𝑒 .818

(ii) E[ 𝑓 (𝑒𝑁)] ⇔ E[ 𝑓 (𝑒)] for all bounded and continuous function 𝑓 .819

(iii) E[ 𝑓 (𝑒𝑁)] ⇔ E[ 𝑓 (𝑒)] for all bounded and Lipschitz function 𝑓 .820

(iv) P(𝑒𝑁 → 𝑔) ⇔ P(𝑒 → 𝑔) for all Borel sets 𝑔 with P(𝑒 → 𝑕𝑔) = 0, where 𝑕𝑔 denotes the821

boundary of 𝑔.822

Fact B.1. Suppose {𝑒𝑁}𝑁→N is a sequence of integrable random variables that converges in probability823

to 𝑒 . Then the following statements are equivalent.824

(i) The sequence {𝑒𝑁}𝑁→N is uniformly integrable.825

(ii) E( |𝑒𝑁 |) ⇔ E( |𝑒 |) < ⇐.826

Remark B.1. If 𝑒𝑁 converges to 0 in probability, then by Fact B.1, we have827

E( |𝑒𝑁 |) = 𝑖(1) ↖↙ {𝑒𝑁}𝑁→N is uniformly integrable.
Moreover, since |E(𝑒𝑁) | ≃ E( |𝑒𝑁 |), it follows that E(𝑒𝑁) = 𝑖(1).828

Fact B.2. Suppose there exists 𝑕 > 1 such that sup
𝑁
E( |𝑒𝑁 | 𝑒) < ⇐. Then the sequence {𝑒𝑁}𝑁→N is829

uniformly integrable.830

B.2 Pseudo-Lipschitz Functions831

Definition B.1 (Pseudo-Lipschitz functions [BM11]). Let 𝑗 > 1 be a constant. A function 𝑓 : R𝑏 ⇔ R832

is pseudo-Lipschitz of order 𝑗 if there exists a constant 𝑘 > 0 such that, for all 𝑀, 𝑌 → R𝑏 ,833

| 𝑓 (𝑀) ⇒ 𝑓 (𝑌) | ≃ 𝑘∝𝑀 ⇒ 𝑌∝ (1 + ∝𝑀∝𝑑⇒1 + ∝𝑌∝𝑑⇒1)
holds.834

Fact B.3. The following statements hold.835

(i) A Lipschitz function is pseudo-Lipschitz of order 𝑗 for all 𝑗 > 1.836

(ii) A pseudo-Lipschitz function (of any given order) is continuous.837

In this paper, we refer to a function as pseudo-Lipschitz if it is pseudo-Lipschitz of order 𝑗 for some838

𝑗 → [2,⇐).839

Proposition B.3. Suppose 𝑓 : R𝑏 ⇔ R and 𝑙𝑀 : R𝑓 ⇔ R (𝑃 → [𝑑]) are pseudo-Lipschitz. Then the840

function 𝑂 : R𝑓 ⇔ R defined by 𝑂(𝑀) = 𝑓 (𝑙1 (𝑀), . . . , 𝑙𝑏 (𝑀)) is also pseudo-Lipschitz.841

Proof. Suppose 𝑓 is pseudo-Lipschitz of order 𝑗0 + 1 and each 𝑙𝑀 is pseudo-Lipschitz of order 𝑗𝑀 + 1.842

Define a function 𝑙 : R𝑓 ⇔ R𝑏 and a constant 𝑗 ⇑ 1 by843

𝑙(𝑀) = (𝑙1 (𝑀), . . . , 𝑙𝑏 (𝑀)), 𝑗 = max{𝑗1, . . . , 𝑗𝑏}.
Applying the pseudo-Lipschitz bounds for 𝑓 and each 𝑙𝑀 gives844

|𝑂(𝑀) ⇒ 𝑂(𝑀↑) | ↫ ∝𝑙(𝑀) ⇒ 𝑙(𝑀↑)∝
(
1 + ∝𝑙(𝑀)∝𝑑0 + ∝𝑙(𝑀↑)∝𝑑0

)
and845

|𝑙𝑀 (𝑀) ⇒ 𝑙𝑀 (𝑀↑) | ↫ ∝𝑀 ⇒ 𝑀
↑ ∝

(
1 + ∝𝑀∝𝑑𝑄 + ∝𝑀↑ ∝𝑑𝑄

)
↫ ∝𝑀 ⇒ 𝑀

↑ ∝
(
1 + ∝𝑀∝𝑑 + ∝𝑀↑ ∝𝑑

)
.

The last inequality implies846

∝𝑙(𝑀) ⇒ 𝑙(𝑀↑)∝ =
(

𝑏∑
𝑀=1

|𝑙𝑀 (𝑀) ⇒ 𝑙𝑀 (𝑀↑) |2
)1/2

↫ ∝𝑀 ⇒ 𝑀
↑ ∝

(
1 + ∝𝑀∝𝑑 + ∝𝑀↑ ∝𝑑

)
.

On the other hand, since847

∝𝑙(𝑀)∝2 =
𝑏∑
𝑀=1

|𝑙𝑀 (𝑀) |2 ≃
(

𝑏∑
𝑀=1

|𝑙𝑀 (𝑀) |
)2
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holds in general, Lemma B.1 implies848

∝𝑙(𝑀)∝𝑑0 ≃
(

𝑏∑
𝑀=1

|𝑙𝑀 (𝑀) |
)
𝑑0

↫
𝑏∑
𝑀=1

|𝑙𝑀 (𝑀) |𝑑0
.

The pseudo-Lipschitz property of each 𝑙𝑀 yields849

|𝑙𝑀 (𝑀) | ≃ |𝑙𝑀 (0) | + |𝑙𝑀 (𝑀) ⇒ 𝑙𝑀 (0) | ↫ 1 + ∝𝑀∝ (1 + ∝𝑀∝𝑑𝑄 ) ↫ 1 + ∝𝑀∝𝑑𝑄+1 ↫ 1 + ∝𝑀∝𝑑+1
.

Hence, by Lemma B.1, we have850

∝𝑙(𝑀)∝𝑑0 ↫ (1 + ∝𝑀∝𝑑+1)𝑑0 ↫ 1 + ∝𝑀∝𝑑0 (𝑑+1)
.

Combining these elements gives851

|𝑂(𝑀) ⇒ 𝑂(𝑀↑) | ↫ ∝𝑀 ⇒ 𝑀
↑ ∝

(
1 + ∝𝑀∝𝑑 + ∝𝑀↑ ∝𝑑

) (
1 + ∝𝑀∝𝑑0 (𝑑+1) + ∝𝑀↑ ∝𝑑0 (𝑑+1)

)
.

We expand the product as852

(1 + ∝𝑀∝𝑑 + ∝𝑀↑ ∝𝑑) (1 + ∝𝑀∝𝑑0 (𝑑+1) + ∝𝑀↑ ∝𝑑0 (𝑑+1) )
= 1 + ∝𝑀∝𝑑 + ∝𝑀↑ ∝𝑑 + ∝𝑀∝𝑑0 (𝑑+1) + ∝𝑀↑ ∝𝑑0 (𝑑+1) + ∝𝑀∝𝑑+𝑑0 (𝑑+1) + ∝𝑀↑ ∝𝑑+𝑑0 (𝑑+1)

+ ∝𝑀∝𝑑 ∝𝑀↑ ∝𝑑0 (𝑑+1) + ∝𝑀↑ ∝𝑑 ∝𝑀∝𝑑0 (𝑑+1)
.

Observe that each of the first seven terms are bounded by 1 + ∝𝑀∝𝑃 + ∝𝑀↑ ∝𝑃, where 𝑊 is given by853

𝑊 = 𝑗 + 𝑗0 (𝑗 + 1).
For the remaining two terms, we apply the weighted AM-GM inequality to obtain854

∝𝑀∝𝑑 ∝𝑀↑ ∝𝑑0 (𝑑+1) = (∝𝑀∝𝑃) 𝑇
𝑀 (∝𝑀↑ ∝𝑃)

𝑇0 (𝑇+1)
𝑀 ≃ 𝑗

𝑊

∝𝑀∝𝑃 + 𝑗0 (𝑗 + 1)
𝑊

∝𝑀↑ ∝𝑃 ≃ ∝𝑀∝𝑃 + ∝𝑀↑ ∝𝑃 .

The same bound applies to ∝𝑀↑ ∝𝑑 ∝𝑀∝𝑑0 (𝑑+1) . Therefore the entire product satisfies855

(1 + ∝𝑀∝𝑑 + ∝𝑀↑ ∝𝑑) (1 + ∝𝑀∝𝑑0 (𝑑+1) + ∝𝑀↑ ∝𝑑0 (𝑑+1) ) ↫ 1 + ∝𝑀∝𝑃 + ∝𝑀↑ ∝𝑃,
which implies that 𝑂 is pseudo-Lipschitz of order 𝑊. ↭856

Lemma B.4. Define 𝑓 : R2 ⇔ R by 𝑓 (𝑀, 𝑌) = 𝑀𝑌. Then 𝑓 is pseudo-Lipschitz of order 𝑗 for every857

𝑗 → [2,⇐).858

Proof. For (𝑀, 𝑌), (𝑀↑, 𝑌↑) → R2, we have859

| 𝑓 (𝑀, 𝑌) ⇒ 𝑓 (𝑀↑, 𝑌↑) | = |𝑀𝑌 ⇒ 𝑀
↑
𝑌
↑ | = |𝑀(𝑌 ⇒ 𝑌

↑) + (𝑀 ⇒ 𝑀
↑)𝑌↑ |

≃ |𝑀 | |𝑌 ⇒ 𝑌
↑ | + |𝑀 ⇒ 𝑀

↑ | |𝑌↑ | ≃ ∝ (𝑀, 𝑌) ⇒ (𝑀↑, 𝑌↑)∝ ( |𝑀 | + |𝑌↑ |).
Observe that for any 𝑗 ⇑ 2, we have860

|𝑀 | ≃ ∝ (𝑀, 𝑌)∝ ≃ 1 + ∝ (𝑀, 𝑌)∝𝑑⇒1
, |𝑌↑ | ≃ ∝ (𝑀↑, 𝑌↑)∝ ≃ 1 + ∝ (𝑀↑, 𝑌↑)∝𝑑⇒1

,

and consequently, we have861

|𝑀 | + |𝑌↑ | ↫ 1 + ∝ (𝑀, 𝑌)∝𝑑⇒1 + ∝ (𝑀↑, 𝑌↑)∝𝑑⇒1
.

This gives us862

| 𝑓 (𝑀, 𝑌) ⇒ 𝑓 (𝑀↑, 𝑌↑) | ↫ ∝ (𝑀, 𝑌) ⇒ (𝑀↑, 𝑌↑)∝ (1 + ∝ (𝑀, 𝑌)∝𝑑⇒1 + ∝ (𝑀↑, 𝑌↑)∝𝑑⇒1),
which shows that 𝑓 is pseudo-Lipschitz of order 𝑗. ↭863

C Remaining proofs864

C.1 Proof of Theorem 4.1865

In this section we provide detailed proofs for the results sketched in Section 4, thereby completing the866

proof of Theorem 4.1.867

Throughout, E[· | 𝑒] denotes the conditional expectation with respect to the 𝑄-algebra 𝑄(𝑒). Since868

conditional expectations are only defined up to almost-sure equality, we omit “a.s.” when writing869

“a.s.= ” in this context.870
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C.1.1 Weak Convergence of the Dot Products871

In this section we prove the following proposition.872

Proposition C.1. Under the assumptions of Theorem 4.1, the vector (𝑉1, . . . , 𝑉𝑔 ) converges in873

distribution to (𝑉1, . . . , 𝑉𝑔 ), which is the Gaussian vector defined in Definition 3.1.874

The proof of Proposition C.1 relies on the next lemma, which is an application of Theorem 2 in875

[BCRT58].876

Lemma C.2. For each 𝑅 → N, let {𝑒𝑍}𝑍→ [𝑁] be an exchangeable sequence of random variables877

satisfying878

E[𝑒𝑍] = 0, E[𝑒2
𝑍
] = 𝑄

2
𝑁
, 𝑄

2
𝑁
⇔ 𝑄

2
′ ⇑ 0 (𝑅 ⇔ ⇐).

Set 𝑚 =
∑

𝑁

𝑍=1 𝑒𝑍/
↔
𝑅. Assume the following conditions:879

(a) E(𝑒1𝑒2) = 𝑖(1/𝑅).880

(b) lim𝑁⇔⇐ E(𝑒2
1 𝑒

2
2 ) = 𝑄

4
′ .881

(c) E( |𝑒1 |3) = 𝑖(↔𝑅).882

Then, 𝑚 converges in distribution to 𝑆 , where the random variable 𝑆 satisfies883

𝑆

a.s.= 0 if 𝑄
2
′ = 0, 𝑆 ↘ 𝑍 (0,𝑄2

′ ) otherwise.

We introduce the following notation. For any two matrices 𝑁 𝑀, 𝑈 and 𝑁
𝑀
↑
, 𝑈

↑ appearing in the program,884

define 𝑗
(𝑀↑ , 𝑈↑ )
(𝑀, 𝑈 ) by885

𝑗
(𝑀↑ , 𝑈↑ )
(𝑀, 𝑈 ) =

{
1 (if 𝑁 𝑀, 𝑈 and 𝑁

𝑀
↑
, 𝑈

↑ are the same matrices),
0 (otherwise).

It is important to note that 𝑗 (𝑀↑ , 𝑈↑ )
(𝑀, 𝑈 ) is always a deterministic value that is independ of 𝑅, and is fixed by886

the program architecture. According to the sampling rule explained in Section 2.1, the matrices 𝑁 𝑀, 𝑈887

and 𝑁
𝑀
↑
𝑈
↑ are sampled independently whenever 𝑗 (𝑀↑ , 𝑈↑ )

(𝑀, 𝑈 ) is zero. In particular, Assumption 3.1 gives888

𝑗
(𝑀,2)
(𝑀,1) = 0 (𝑃 → [𝑛]). (4)

Let 𝑜1, . . . , 𝑜𝑔 be arbitrary constants. We define889

𝑚 =
𝑔∑
𝑀=1

𝑜𝑀 𝑉𝑀 =
𝑔∑
𝑀=1

𝑜𝑀

*+
,

1↔
𝑅

𝑁∑
𝑍=1

𝑁∑
𝑕1=1

𝑁∑
𝑕2=1

𝑁
𝑀,1
𝑍𝑕1𝑁

𝑀,2
𝑍𝑕2𝑀

𝑀,1
𝑕1 𝑀

𝑀,2
𝑕2
-.
/
=

1↔
𝑅

𝑁∑
𝑍=1

𝑒𝑍,

where 𝑒𝑍 is given by890

𝑒𝑍 =
𝑔∑
𝑀=1

𝑁∑
𝑕1 ,𝑕2=1

𝑜𝑀𝑁
𝑀,1
𝑍𝑕1𝑁

𝑀,2
𝑍𝑕2𝑀

𝑀,1
𝑕1 𝑀

𝑀,2
𝑕2 .

Lemmas C.3–C.8 show that the sequence {𝑒𝑍}𝑍→ [𝑁] satisfies the conditions of Lemma C.2. The891

proof of Proposition C.1 is completed by applying Lemma C.2 to 𝑚 =
∑

𝑁

𝑍=1 𝑒𝑍/
↔
𝑅 and then invoking892

the Cramér–Wold device.893

Lemma C.3. The sequence {𝑒𝑍}𝑍→ [𝑁] is exchangeable.894

Proof. By the sampling rule, an element𝑁 𝑀, 𝑈

𝑍𝑎
of the random matrix𝑁 𝑀, 𝑈 independently and identically895

follows N(0,𝑄2
𝑇

𝑄, 𝑅/𝑅) for 𝑎, 𝑏 → [𝑅]. Hence, conditional on {𝑀𝑀, 𝑈 : 𝑃 → [𝑛], 𝑇 → [2]}, the random896

variables 𝑒1, . . . , 𝑒𝑁 are i.i.d. Hence, by de Finetti’s theorem, {𝑒𝑍}𝑍→ [𝑁] is exchangeable. ↭897

Lemma C.4. E(𝑒𝑍) = 0 holds for every 𝑎 → [𝑅].898

Proof. We compute E(𝑒𝑍) =
∑

𝑔

𝑀=1
∑

𝑁

𝑕1 ,𝑕2=1 𝑜𝑀E
(
𝑁

𝑀,1
𝑍𝑕1

)
E
(
𝑁

𝑀,2
𝑍𝑕2

)
E
(
𝑀
𝑀,1
𝑕1 𝑀

𝑀,2
𝑕2

)
= 0. ↭899
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Lemma C.5. We have lim𝑁⇔⇐ E(𝑒2
𝑍
) = 𝑄

2
′ with900

𝑄
2
′ =

𝑔∑
𝑀1 ,𝑀2=1

𝑜𝑀1 𝑜𝑀2E

𝑆
𝑖
𝑄1 ,1

𝑆
𝑖
𝑄1 ,2

𝑆
𝑖
𝑄2 ,1

𝑆
𝑖
𝑄2 ,2



=
𝑔∑

𝑀1 ,𝑀2=1

∑
( 𝑈 , 𝑈↑ )→𝑗

𝑜𝑀1 𝑜𝑀2𝑄
2
𝑇

𝑄1 ,1𝑄
2
𝑇

𝑄1 ,2E

𝑆
𝑉
𝑄1 ,1

𝑆
𝑉
𝑄2 , 𝑅


E

𝑆
𝑉
𝑄1 ,2

𝑆
𝑉
𝑄2 , 𝑅

↑ 
𝑗
(𝑀2 , 𝑈 )
(𝑀1 ,1) 𝑗

(𝑀2 , 𝑈↑ )
(𝑀1 ,2) ,

where we defined 𝑝 = {(1, 2), (2, 1)}.901

Proof. For any 𝑎 → [𝑅], we have902

E(𝑒2
𝑍
)

= E

*+
,

𝑔∑
𝑀1=1

𝑁∑
𝑕1 ,𝑕2=1

𝑜𝑀1𝑁
𝑀1 ,1
𝑍𝑕1𝑁

𝑀1 ,2
𝑍𝑕2𝑀

𝑀,1
𝑕1 𝑀

𝑀,2
𝑕2
-.
/
*+
,

𝑔∑
𝑀2=1

𝑁∑
𝑕3 ,𝑕4=1

𝑜𝑀2𝑁
𝑀2 ,1
𝑍𝑕3𝑁

𝑀2 ,2
𝑍𝑕4𝑀

𝑀2 ,1
𝑕3 𝑀

𝑀2 ,2
𝑕4

-.
/


=
𝑔∑

𝑀1 ,𝑀2=1

𝑁∑
𝑕1 ,...,𝑕4=1

𝑜𝑀1 𝑜𝑀2E
(
𝑁

𝑀1 ,1
𝑍𝑕1𝑁

𝑀1 ,2
𝑍𝑕2𝑁

𝑀2 ,1
𝑍𝑕3𝑁

𝑀2 ,2
𝑍𝑕4

)
E
(
𝑀
𝑀1 ,1
𝑕1 𝑀

𝑀1 ,2
𝑕2 𝑀

𝑀2 ,1
𝑕3 𝑀

𝑀2 ,2
𝑕4

)

=
𝑔∑

𝑀1 ,𝑀2=1

𝑁∑
𝑕1 ,𝑕2=1

∑
( 𝑈 , 𝑈↑ )→𝑗

𝑜𝑀1 𝑜𝑀2E

(𝑁 𝑀1 ,1

𝑍𝑕1 )
2 E (𝑁 𝑀1 ,2

𝑍𝑕2 )
2 E (𝑀𝑀1 ,1

𝑕1 𝑀
𝑀2 , 𝑈
𝑕1 𝑀

𝑀1 ,2
𝑕2 𝑀

𝑀2 , 𝑈
↑

𝑕2

)
𝑗
(𝑀2 , 𝑈 )
(𝑀1 ,1) 𝑗

(𝑀2 , 𝑈↑ )
(𝑀1 ,2)

=
𝑔∑

𝑀1 ,𝑀2=1

∑
( 𝑈 , 𝑈↑ )→𝑗

𝑜𝑀1 𝑜𝑀2𝑄
2
𝑇

𝑄1 ,1𝑄
2
𝑇

𝑄1 ,2E


*+
,

1
𝑅

𝑁∑
𝑕1=1

𝑀
𝑀1 ,1
𝑕1 𝑀

𝑀2 , 𝑈
𝑕1

-.
/
*+
,

1
𝑅

𝑁∑
𝑕2=1

𝑀
𝑀1 ,2
𝑕2 𝑀

𝑀2 , 𝑈
↑

𝑕2
-.
/

𝑗
(𝑀2 , 𝑈 )
(𝑀1 ,1) 𝑗

(𝑀2 , 𝑈↑ )
(𝑀1 ,2)

𝑁⇔⇐⇒⇔
𝑔∑

𝑀1 ,𝑀2=1

∑
( 𝑈 , 𝑈↑ )→𝑗

𝑜𝑀1 𝑜𝑀2𝑄
2
𝑇

𝑄1 ,1𝑄
2
𝑇

𝑄1 ,2E

𝑆
𝑉
𝑄1 ,1

𝑆
𝑉
𝑄2 , 𝑅


E

𝑆
𝑉
𝑄1 ,2

𝑆
𝑉
𝑄2 , 𝑅

↑ 
𝑗
(𝑀2 , 𝑈 )
(𝑀1 ,1) 𝑗

(𝑀2 , 𝑈↑ )
(𝑀1 ,2) ,

where the convergence follows from Lemma C.9. Finally, Eq. (4) and Definition 3.1 imply that903

𝑄
2
𝑇

𝑄1 ,1𝑄
2
𝑇

𝑄1 ,2E

𝑆
𝑉
𝑄1 ,1

𝑆
𝑉
𝑄2 , 𝑅


E

𝑆
𝑉
𝑄1 ,2

𝑆
𝑉
𝑄2 , 𝑅

↑ 
𝑗
(𝑀2 , 𝑈 )
(𝑀1 ,1) 𝑗

(𝑀2 , 𝑈↑ )
(𝑀1 ,2) = E


𝑆
𝑖
𝑄1 ,1

𝑆
𝑖
𝑄1 ,2

𝑆
𝑖
𝑄2 ,1

𝑆
𝑖
𝑄2 ,2



holds for any 𝑃1, 𝑃2 → [𝑛] and ( 𝑇 , 𝑇 ↑) → 𝑝. ↭904

Lemma C.6. E(𝑒𝑍𝑒𝑎) = 0 holds for every 𝑎, 𝑏 → [𝑅], 𝑎 ω 𝑏.905

Proof. For 𝑎 ω 𝑏, we have906

E(𝑒𝑍𝑒𝑎) = E

*+
,

𝑔∑
𝑀1=1

𝑁∑
𝑕1 ,𝑕2=1

𝑜𝑀1𝑁
𝑀1 ,1
𝑍𝑕1𝑁

𝑀1 ,2
𝑍𝑕2𝑀

𝑀1 ,1
𝑕1 𝑀

𝑀1 ,2
𝑕2

-.
/
*+
,

𝑔∑
𝑀2=1

𝑁∑
𝑕3 ,𝑕4=1

𝑜𝑀2𝑁
𝑀2 ,1
𝑎𝑕3

𝑁
𝑀2 ,2
𝑎𝑕4

𝑀
𝑀2 ,1
𝑕3 𝑀

𝑀2 ,2
𝑕4

-.
/


=
𝑔∑

𝑀1 ,𝑀2=1

𝑁∑
𝑕1 ,...,𝑕4=1

𝑜𝑀1 𝑜𝑀2E
(
𝑁

𝑀1 ,1
𝑍𝑕1

)
E
(
𝑁

𝑀1 ,2
𝑍𝑕2

)
E
(
𝑁

𝑀2 ,1
𝑎𝑕3

)
E
(
𝑁

𝑀2 ,2
𝑎𝑕4

)
E
(
𝑀
𝑀1 ,1
𝑕1 𝑀

𝑀1 ,2
𝑕2 𝑀

𝑀2 ,1
𝑕3 𝑀

𝑀2 ,2
𝑕4

)

= 0

as desired. ↭907

Lemma C.7. lim𝑁⇔⇐ E(𝑒2
𝑍
𝑒

2
𝑎
) = 𝑄

4
′ holds for every 𝑎, 𝑏 → [𝑅], 𝑎 ω 𝑏.908
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Proof. By a calculation similar to Lemma C.5, we have909

E(𝑒2
𝑍
𝑒

2
𝑎
)

=
𝑔∑

𝑀1 ,...,𝑀4=1

∑
( 𝑈1 , 𝑈↑1 ) , ( 𝑈2 , 𝑈↑2 )→𝑗2

𝑜𝑀1 𝑜𝑀2 𝑜𝑀3 𝑜𝑀4𝑄
2
𝑇

𝑄1 ,1𝑄
2
𝑇

𝑄2 ,2𝑄
2
𝑇

𝑄3 ,1𝑄
2
𝑇

𝑄4 ,2𝑗
(𝑀2 , 𝑈1 )
(𝑀1 ,1) 𝑗

(𝑀2 , 𝑈↑1 )
(𝑀1 ,2) 𝑗

(𝑀4 , 𝑈2 )
(𝑀3 ,1) 𝑗

(𝑀4 , 𝑈↑2 )
(𝑀3 ,2)

↓ E

*+
,

1
𝑅

𝑁∑
𝑕1=1

𝑀
𝑀1 ,1
𝑕1 𝑀

𝑀2 , 𝑈1
𝑕1

-.
/
*+
,

1
𝑅

𝑁∑
𝑕2=1

𝑀
𝑀1 ,2
𝑕2 𝑀

𝑀2 , 𝑈
↑
1

𝑕2
-.
/
*+
,

1
𝑅

𝑁∑
𝑕3=1

𝑀
𝑀3 ,1
𝑕3 𝑀

𝑀4 , 𝑈2
𝑕3

-.
/
*+
,

1
𝑅

𝑁∑
𝑕4=1

𝑀
𝑀3 ,2
𝑕4 𝑀

𝑀4 , 𝑈
↑
2

𝑕4
-.
/


𝑁⇔⇐⇒⇔
𝑔∑

𝑀1 ,...,𝑀4=1

∑
( 𝑈1 , 𝑈↑1 ) , ( 𝑈2 , 𝑈↑2 )→𝑗2

𝑜𝑀1 𝑜𝑀2 𝑜𝑀3 𝑜𝑀4𝑄
2
𝑇

𝑄1 ,1𝑄
2
𝑇

𝑄2 ,2𝑄
2
𝑇

𝑄3 ,1𝑄
2
𝑇

𝑄4 ,2𝑗
(𝑀2 , 𝑈1 )
(𝑀1 ,1) 𝑗

(𝑀2 , 𝑈↑1 )
(𝑀1 ,2) 𝑗

(𝑀4 , 𝑈2 )
(𝑀3 ,1) 𝑗

(𝑀4 , 𝑈↑2 )
(𝑀3 ,2)

↓ E

𝑆
𝑉
𝑄1 ,1

𝑆
𝑉
𝑄2 , 𝑅1


E

𝑆
𝑉
𝑄1 ,2

𝑆
𝑉
𝑄2 , 𝑅

↑
1

E

𝑆
𝑉
𝑄3 ,1

𝑆
𝑉
𝑄4 , 𝑅2


E

𝑆
𝑉
𝑄3 ,2

𝑆
𝑉
𝑄4 , 𝑅

↑
2

,

where the convergence follows from Lemma C.9. Observe that this limit is equivalent to 𝑄
4
′ . ↭910

Lemma C.8. E( |𝑒𝑍 |3) = 𝑖(↔𝑅) holds as 𝑅 ⇔ ⇐ for every 𝑎 → [𝑅].911

Proof. By the Lyapunov inequality, we have912

1↔
𝑅

E( |𝑒𝑍 |3) ≃
1↔
𝑅

(
E(𝑒4

𝑍
)
) 3

4 ≃ 1↔
𝑅


sup
𝑁

E(𝑒4
𝑍
)
 3

4

.

Thus, it su!ces to show that sup
𝑁
E(𝑒4

𝑍
) < ⇐ holds. We can express E(𝑒4

𝑍
) as913

E(𝑒4
𝑍
) =

𝑔∑
𝑀1 ,...,𝑀4=1

𝑁∑
𝑕1 ,...,𝑕8=1

𝑜𝑀1 𝑜𝑀2 𝑜𝑀3 𝑜𝑀4E

𝑁

𝑀1 ,1
𝑍𝑕1𝑁

𝑀2 ,1
𝑍𝑕2𝑁

𝑀3 ,1
𝑍𝑕3𝑁

𝑀4 ,1
𝑍𝑕4𝑁

𝑀1 ,2
𝑍𝑕5

𝑁
𝑀2 ,2
𝑍𝑕6

𝑁
𝑀3 ,2
𝑍𝑕7𝑁

𝑀4 ,2
𝑍𝑕8



↓ E

𝑀
𝑀1 ,1
𝑕1 𝑀

𝑀2 ,1
𝑕2 𝑀

𝑀3 ,1
𝑕3 𝑀

𝑀4 ,1
𝑕4 𝑀

𝑀1 ,2
𝑕5

𝑀
𝑀2 ,2
𝑕6

𝑀
𝑀3 ,2
𝑕7 𝑀

𝑀4 ,2
𝑕8


.

Applying the Cauchy–Schwarz inequality yields914

E

𝑀
𝑀1 ,1
𝑕1 𝑀

𝑀2 ,1
𝑕2 𝑀

𝑀3 ,1
𝑕3 𝑀

𝑀4 ,1
𝑕4 𝑀

𝑀1 ,2
𝑕5

𝑀
𝑀2 ,2
𝑕6

𝑀
𝑀3 ,2
𝑕7 𝑀

𝑀4 ,2
𝑕8



≃
( 4
𝑏=1
E

(𝑀𝑀 𝑅 ,1

𝑕 𝑅
)8
 ) 1

8
( 4
𝑏=1
E

(𝑀𝑀 𝑅 ,2

𝑕4+ 𝑅 )8
 ) 1

8

=

( 4
𝑏=1
E

(𝑀𝑀 𝑅 ,11 )8

 ) 1
8
( 4
𝑏=1
E

(𝑀𝑀 𝑅 ,21 )8

 ) 1
8

≃ sup
𝑀→ [𝑔 ], 𝑈→ [2]

E

(𝑀𝑀, 𝑈1 )8


.

By the boundedness of 𝑀
𝑀, 𝑈 (𝑃 → [𝑛], 𝑇 → [2]), the last term is bounded uniformly in 𝑅, and915

consequently, it holds that916

sup
𝑁

E

𝑀
𝑀1 ,1
𝑕1 𝑀

𝑀2 ,1
𝑕2 𝑀

𝑀3 ,1
𝑕3 𝑀

𝑀4 ,1
𝑕4 𝑀

𝑀1 ,2
𝑕5

𝑀
𝑀2 ,2
𝑕6

𝑀
𝑀3 ,2
𝑕7 𝑀

𝑀4 ,2
𝑕8


< ⇐.
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Hence, we compute917

E(𝑒4
𝑍
) ↫

𝑔∑
𝑀1 ,...,𝑀4=1

𝑁∑
𝑕1 ,...,𝑕8=1

E

𝑁

𝑀1 ,1
𝑍𝑕1𝑁

𝑀2 ,1
𝑍𝑕2𝑁

𝑀3 ,1
𝑍𝑕3𝑁

𝑀4 ,1
𝑍𝑕4𝑁

𝑀1 ,2
𝑍𝑕5

𝑁
𝑀2 ,2
𝑍𝑕6

𝑁
𝑀3 ,2
𝑍𝑕7𝑁

𝑀4 ,2
𝑍𝑕8



=
𝑔∑
𝑀=1

𝑁∑
𝑕1 ,...,𝑕8=1

E

𝑁

𝑀,1
𝑍𝑕1𝑁

𝑀,1
𝑍𝑕2𝑁

𝑀,1
𝑍𝑕3𝑁

𝑀,1
𝑍𝑕4𝑁

𝑀,2
𝑍𝑕5

𝑁
𝑀,2
𝑍𝑕6

𝑁
𝑀,2
𝑍𝑕7𝑁

𝑀,2
𝑍𝑕8



+ 4
𝑔∑

𝑀1=1

∑
𝑀2ω𝑀1

𝑁∑
𝑕1 ,...,𝑕8=1

E

𝑁

𝑀1 ,1
𝑍𝑕1𝑁

𝑀1 ,1
𝑍𝑕2𝑁

𝑀1 ,1
𝑍𝑕3𝑁

𝑀2 ,1
𝑍𝑕4𝑁

𝑀1 ,2
𝑍𝑕5

𝑁
𝑀1 ,2
𝑍𝑕6

𝑁
𝑀1 ,2
𝑍𝑕7𝑁

𝑀2 ,2
𝑍𝑕8



+ 3
𝑔∑

𝑀1=1

∑
𝑀2ω𝑀1

𝑁∑
𝑕1 ,...,𝑕8=1

E

𝑁

𝑀1 ,1
𝑍𝑕1𝑁

𝑀1 ,1
𝑍𝑕2𝑁

𝑀2 ,1
𝑍𝑕3𝑁

𝑀2 ,1
𝑍𝑕4𝑁

𝑀1 ,2
𝑍𝑕5

𝑁
𝑀1 ,2
𝑍𝑕6

𝑁
𝑀2 ,2
𝑍𝑕7𝑁

𝑀2 ,2
𝑍𝑕8



+ 6
𝑔∑

𝑀1=1

∑
𝑀2ω𝑀1

∑
𝑀3ε{𝑀1 ,𝑀2 }

𝑁∑
𝑕1 ,...,𝑕8=1

E

𝑁

𝑀1 ,1
𝑍𝑕1𝑁

𝑀1 ,1
𝑍𝑕2𝑁

𝑀2 ,1
𝑍𝑕3𝑁

𝑀3 ,1
𝑍𝑕4𝑁

𝑀1 ,2
𝑍𝑕5

𝑁
𝑀1 ,2
𝑍𝑕6

𝑁
𝑀2 ,2
𝑍𝑕7𝑁

𝑀3 ,2
𝑍𝑕8



+
𝑔∑

𝑀1 ,𝑀2 ,𝑀3 ,𝑀4=1
all distinct

𝑁∑
𝑕1 ,...,𝑕8=1

E

𝑁

𝑀1 ,1
𝑍𝑕1𝑁

𝑀2 ,1
𝑍𝑕2𝑁

𝑀3 ,1
𝑍𝑕3𝑁

𝑀4 ,1
𝑍𝑕4𝑁

𝑀1 ,2
𝑍𝑕5

𝑁
𝑀2 ,2
𝑍𝑕6

𝑁
𝑀3 ,2
𝑍𝑕7𝑁

𝑀4 ,2
𝑍𝑕8



=: 𝑞1 + 4𝑞2 + 3𝑞3 + 6𝑞4 + 𝑞5.

Define 𝑄 by 𝑄 = max{𝑄
𝑇

𝑄, 𝑅 : 𝑃 → [𝑛], 𝑇 → [2]}. Then, we compute 𝑞1 as918

𝑞1 =
𝑔∑
𝑀=1

𝑁∑
𝑕1 ,...,𝑕8=1

E

𝑁

𝑀,1
𝑍𝑕1𝑁

𝑀,1
𝑍𝑕2𝑁

𝑀,1
𝑍𝑕3𝑁

𝑀,1
𝑍𝑕4


E

𝑁

𝑀,2
𝑍𝑕5

𝑁
𝑀,2
𝑍𝑕6

𝑁
𝑀,2
𝑍𝑕7𝑁

𝑀,2
𝑍𝑕8



=
𝑔∑
𝑀=1

𝑁∑
𝑕1 ,𝑕2=1

E

(𝑁 𝑀,1

𝑍𝑕1 )
4 E (𝑁 𝑀,2

𝑍𝑕2 )
2

+ 3
𝑔∑
𝑀=1

∑
( 𝑈 , 𝑈↑ )→𝑗

𝑁∑
𝑕1 ,𝑕2=1

∑
𝑕3ω𝑕2

E

(𝑁 𝑀, 𝑈

𝑍𝑕1 )4

E

(𝑁 𝑀, 𝑈

↑
𝑍𝑕2 )2


E

(𝑁 𝑀, 𝑈

↑
𝑍𝑕3 )2



+ 9
𝑔∑
𝑀=1

𝑁∑
𝑕1 ,𝑕2=1

∑
𝑕3ω𝑕1

∑
𝑕4ω𝑕2

E

(𝑁 𝑀,1

𝑍𝑕1 )
2 E (𝑁 𝑀,1

𝑍𝑕2 )
2 E (𝑁 𝑀,2

𝑍𝑕3 )
2 E (𝑁 𝑀,2

𝑍𝑕4 )
2

=
𝑔∑
𝑀=1

*+
,

9𝑄4
𝑇

𝑄,1𝑄
4
𝑇

𝑄,2

𝑅
2 + 3

∑
( 𝑈 , 𝑈↑ )→𝑗

3(𝑅 ⇒ 1)𝑄4
𝑇

𝑄, 𝑅𝑄
4
𝑇

𝑄, 𝑅↑

𝑅
2 + 9

(𝑅 ⇒ 1)2
𝑄

4
𝑇

𝑄,1𝑄
4
𝑇

𝑄,2

𝑅
2

-.
/

= 9
𝑔∑
𝑀=1

𝑄
4
𝑇

𝑄,1𝑄
4
𝑇

𝑄,2 ↫ 𝑄
8
.

Likewise, we have919

𝑞2 =
𝑔∑

𝑀1=1

∑
𝑀2ω𝑀1

∑
( 𝑈 , 𝑈↑ )→𝑗

𝑁∑
𝑕1 ,...,𝑕8=1

E

𝑁

𝑀1 ,1
𝑍𝑕1𝑁

𝑀1 ,1
𝑍𝑕2𝑁

𝑀1 ,1
𝑍𝑕3𝑁

𝑀2 , 𝑈
𝑍𝑕4


E

𝑁

𝑀1 ,2
𝑍𝑕5

𝑁
𝑀1 ,2
𝑍𝑕6

𝑁
𝑀1 ,2
𝑍𝑕7𝑁

𝑀2 , 𝑈
↑

𝑍𝑕8


𝑗
(𝑀2 , 𝑈 )
(𝑀1 ,1) 𝑗

(𝑀2 , 𝑈↑ )
(𝑀1 ,2)

= 9
𝑔∑

𝑀1=1

∑
𝑀2ω𝑀1

∑
( 𝑈 , 𝑈↑ )→𝑗

𝑄
4
𝑇

𝑄1 ,1𝑄
4
𝑇

𝑄1 ,2𝑗
(𝑀2 , 𝑈 )
(𝑀1 ,1) 𝑗

(𝑀2 , 𝑈↑ )
(𝑀1 ,2) ↫ 𝑄

8

and920

𝑞3 =
𝑔∑

𝑀1=1

∑
𝑀2ω𝑀1

∑
( 𝑈 , 𝑈↑ )→𝑗

𝑁∑
𝑕1 ,...,𝑕8=1

E

𝑁

𝑀1 ,1
𝑍𝑕1𝑁

𝑀1 ,1
𝑍𝑕2𝑁

𝑀2 , 𝑈
𝑍𝑕3𝑁

𝑀2 , 𝑈
𝑍𝑕4


E

𝑁

𝑀1 ,2
𝑍𝑕5

𝑁
𝑀1 ,2
𝑍𝑕6

𝑁
𝑀2 , 𝑈

↑
𝑍𝑕7 𝑁

𝑀2 , 𝑈
↑

𝑍𝑕8


𝑗
(𝑀2 , 𝑈 )
(𝑀1 ,1) 𝑗

(𝑀2 , 𝑈↑ )
(𝑀1 ,2)

= 9
𝑔∑

𝑀1=1

∑
𝑀2ω𝑀1

∑
( 𝑈 , 𝑈↑ )→𝑗

𝑄
4
𝑇

𝑄1 ,1𝑄
4
𝑇

𝑄1 ,2𝑗
(𝑀2 , 𝑈 )
(𝑀1 ,1) 𝑗

(𝑀2 , 𝑈↑ )
(𝑀1 ,2) ↫ 𝑄

8
.

Applying a similar argument, we can also show that 𝑞4 ↫ 𝑄
8 and 𝑞5 ↫ 𝑄

8 holds. Therefore, we921

conclude that E(𝑒4
𝑍
) ↫ 𝑄

8 holds, which completes the proof. ↭922
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Lemma C.9. Take 𝑑1, . . . , 𝑑8 → {(𝑃, 𝑇) : 𝑃 → [𝑛], 𝑇 → [2]} arbitrarily. Then, the following statements923

hold as 𝑅 ⇔ ⇐.924

(i) For (𝑀𝑏1
, . . . , 𝑀

𝑏8 ), we have925

E


*+
,

1
𝑅

𝑁∑
𝑕1=1

𝑀
𝑏1
𝑕1𝑀

𝑏2
𝑕1
-.
/
*+
,

1
𝑅

𝑁∑
𝑕2=1

𝑀
𝑏3
𝑕2𝑀

𝑏4
𝑕2
-.
/
*+
,

1
𝑅

𝑁∑
𝑕3=1

𝑀
𝑏5
𝑕3𝑀

𝑏6
𝑕3
-.
/
*+
,

1
𝑅

𝑁∑
𝑕4=1

𝑀
𝑏7
𝑕4𝑀

𝑏8
𝑕4
-.
/


⇔ E

𝑆
𝑉
𝑈1
𝑆
𝑉
𝑈2

E

𝑆
𝑉
𝑈3
𝑆
𝑉
𝑈4

E

𝑆
𝑉
𝑈5
𝑆
𝑉
𝑈6

E

𝑆
𝑉
𝑈7
𝑆
𝑉
𝑈8

.

(ii) For (𝑀𝑏1
, . . . , 𝑀

𝑏4 ), we have926

E


*+
,

1
𝑅

𝑁∑
𝑕1=1

𝑀
𝑏1
𝑕1𝑀

𝑏2
𝑕1
-.
/
*+
,

1
𝑅

𝑁∑
𝑕2=1

𝑀
𝑏3
𝑕2𝑀

𝑏4
𝑕2
-.
/

⇔ E


𝑆
𝑉
𝑈1
𝑆
𝑉
𝑈2

E

𝑆
𝑉
𝑈3
𝑆
𝑉
𝑈4

.

Proof. Define the residual term 𝑟𝑓 by927

𝑟𝑓 =
1
𝑅

𝑁∑
𝑕1=1

𝑀

𝑏2𝑉 ⇒1
𝑕𝑉

𝑀

𝑏2𝑉
𝑕𝑉

⇒ E

𝑆
𝑉

𝑈2𝑉 ⇒1
𝑆
𝑉

𝑈2𝑉


for each 𝑃 → [4]. Define constants 𝑘 and 𝑟̃ by928

𝑘 = max
𝑓→ [4]

&&&E 𝑆 𝑉

𝑈2𝑉 ⇒1
𝑆
𝑉

𝑈2𝑉
 &&& , 𝑟̃ =


max
𝑓→ [4]

E(𝑟4
𝑓
)
 1

4

.

Note that 𝑘 is bounded by the boundedness of 𝑀𝑀, 𝑈 for all 𝑃 → [𝑛] and 𝑇 → [2] (see Definition 3.1).929

Then, we can write930 &&&&&&E


4
𝑓=1

*+
,

1
𝑅

𝑁∑
𝑕𝑉=1

𝑀

𝑏2𝑉 ⇒1
𝑕𝑉

𝑀

𝑏2𝑉
𝑕𝑉

-.
/

⇒

4
𝑓=1
E

𝑆
𝑉

𝑈2𝑉 ⇒1
𝑆
𝑉

𝑈2𝑉
 &&&&&&

=

&&&&&E
 4
𝑓=1

(
𝑟𝑓 + E


𝑆
𝑉

𝑈2𝑉 ⇒1
𝑆
𝑉

𝑈2𝑉
 )

⇒
4

𝑓=1
E

𝑆
𝑉

𝑈2𝑉 ⇒1
𝑆
𝑉

𝑈2𝑉
 &&&&&

≃ 4𝑘3
𝑟̃ + 6𝑘2

𝑟̃
2 + 4𝑘𝑟̃

3 + 𝑟̃
4
,

where the last inequality follows from the Cauchy–Schwarz inequality and the Lyapunov inequality.931

Likewise, we have932 &&&&&&E


2
𝑓=1

*+
,

1
𝑅

𝑁∑
𝑕𝑉=1

𝑀

𝑏2𝑉 ⇒1
𝑕𝑉

𝑀

𝑏2𝑉
𝑕𝑉

-.
/

⇒

2
𝑓=1
E

𝑆
𝑉

𝑈2𝑉 ⇒1
𝑆
𝑉

𝑈2𝑉
 &&&&&&

=

&&&&&E
 2
𝑓=1

(
𝑟𝑓 + E


𝑆
𝑉

𝑈2𝑉 ⇒1
𝑆
𝑉

𝑈2𝑉
 )

⇒
2

𝑓=1
E

𝑆
𝑉

𝑈2𝑉 ⇒1
𝑆
𝑉

𝑈2𝑉
 &&&&&

≃ 2𝑘𝑟̃ + 𝑟̃
2
.

Thus, it remains only to prove that 𝑟̃ converges to 0 as 𝑅 ⇔ ⇐. This can be achieved by showing933

that E(𝑟4
𝑓
) converges to 0 for all 𝑠 → [4]. By Fact 3.1 and Lemma B.4, for all 𝑠 → [4], we know 𝑟𝑓934

converges almost surely to 0. The continuous mapping theorem then yields935

𝑟
4
𝑓

𝑃.𝐿.⇒⇔ 0.
To upgrade this to convergence in expectation, Facts B.1 and B.2 imply it su!ces to show the existance936

of a constant 𝑕 > 1 that satisfies937

sup
𝑁

E(𝑟4+𝑒
𝑓

) < ⇐.

But since each 𝑀
𝑀, 𝑈 and its infinite-width limit 𝑆 𝑉

𝑄, 𝑅 are bounded, such a 𝑕 exists. Therefore, we938

conclude that E(𝑟4
𝑓
) converges to 0 for all 𝑠 → [4], and consequently, 𝑟̃ does as well. ↭939

27



C.1.2 𝑚1 Converges to 0940

We study the convergence of the term 𝑚1 defined in Section 4. Specifically, we show941

𝑚1 =

&&&&&E 𝑓
(
1
𝑅

𝑁∑
𝑍=1

𝑡(g1:𝑘
𝑍

,p1:𝑔 )
)
⇒ E 𝑓

(
E

𝑡(𝑆g1:𝑊

,p1:𝑔 ) | p1:𝑔

 )&&&&& ⇔ 0.

Fix a small 𝑢 > 0. Since p̊1:𝑔 is a Gaussian vector (see Definition 3.1), it is tight. Hence there exists a942

compact set 𝑣 ∞ R𝑔 that satisfies943

P(p̊1:𝑔 → 𝑣) > 1 ⇒ 𝑢 .

Set944

𝑌 =
1
𝑅

𝑁∑
𝑍=1

𝑡(g1:𝑘
𝑍

,p1:𝑔 ), 𝑤 = E

𝑡(𝑆g1:𝑊

,p1:𝑔 ) | p1:𝑔


.

Then, we have945

𝑚1 = |E 𝑓 (𝑌) ⇒ E 𝑓 (𝑤) |
≃ |E[( 𝑓 (𝑌) ⇒ 𝑓 (𝑤))1{p1:𝑔 → 𝑣}] | + |E[( 𝑓 (𝑌) ⇒ 𝑓 (𝑤))1{p1:𝑔 ε 𝑣}] |
≃ |E[( 𝑓 (𝑌) ⇒ 𝑓 (𝑤))1{p1:𝑔 → 𝑣}] | + E[| 𝑓 (𝑌) ⇒ 𝑓 (𝑤) |1{p1:𝑔 ε 𝑣}] . (5)

By the boundedness of 𝑓 , the second term of Eq. (5) is bounded as946

E[| 𝑓 (𝑌) ⇒ 𝑓 (𝑤) |1{p1:𝑔 ε 𝑣}] ≃ 𝑘P(p1:𝑔 ε 𝑣)

with some constant 𝑘. Furthermore, noting that 𝑣 is a Borel set, applying Lemma B.2 and947

Proposition C.1 gives948

lim
𝑁⇔⇐

P(p1:𝑔 ε 𝑣) = P(p̊1:𝑔 ε 𝑣) < 𝑢 .

Therefore, for large enough 𝑅, we have949

E[| 𝑓 (𝑌) ⇒ 𝑓 (𝑤) |1{p1:𝑔 ε 𝑣}] < 𝑘𝑢 .

For the first term of Eq. (5), we have950

|E[( 𝑓 (𝑌) ⇒ 𝑓 (𝑤))1{p1:𝑔 → 𝑣}] |

≃ sup
a1:𝑋 →𝑄

&&&&&E

𝑓

(
1
𝑅

𝑁∑
𝑍=1

𝑡(g1:𝑘
𝑍

,a1:𝑔 )
)

⇒ E

𝑓

(
E

𝑡(𝑆g1:𝑊

,a1:𝑔 )
 ) &&&&&

= sup
a1:𝑋 →𝑄

ϑ𝑁 (a1:𝑔 ),

where ϑ𝑁 : R𝑔 ⇔ R is defined by951

ϑ𝑁 (a1:𝑔 ) =
&&&&&E


𝑓

(
1
𝑅

𝑁∑
𝑍=1

𝑡(g1:𝑘
𝑍

,a1:𝑔 )
)

⇒ E

𝑓

(
E

𝑡(𝑆g1:𝑊

,a1:𝑔 )
 ) &&&&& .

Define 𝑡̃a1:𝑋 : R𝑘 ⇔ R by952

𝑡̃a1:𝑋 (u1:𝑘 ) = 𝑡(u1:𝑘 ,a1:𝑔 ). (6)

Observe that 𝑡̃a1:𝑋 is bounded by the boundedness of 𝑡. We later show that 𝑡̃a1:𝑋 is also pseudo-953

Lipschitz (Lemma C.10). Therefore, by Eq. (3) and Lemma B.2, we have954

lim
𝑁⇔⇐

ϑ𝑁 (a1:𝑔 ) = 0 (a1:𝑔 → R𝑔 ).

Moreover, noting that 𝑓 and 𝑡 are bounded and continuous (see Fact B.3), we can apply the955

(uncoditional and conditional) bounded convergence theorem to show that ϑ𝑁 is continuous at every956

point. Therefore, we can apply Lemma C.11 to show that supa1:𝑋 →𝑄 ϑ𝑁 (a1:𝑔 ) converges to 0 as957

𝑅 ⇔ ⇐.958

Lemma C.10. Define 𝑡̃a1:𝑋 : R𝑘 ⇔ R by Eq. (6). Then, it is pseudo-Lipschitz.959
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Proof. Suppose 𝑡 is pseudo-Lipschitz of order 𝑗 + 1 with 𝑗 ⇑ 1. Then, we have960

|𝑡̃a1:𝑋 (u1:𝑘 ) ⇒ 𝑡̃a1:𝑋 (u↑
1:𝑘 ) | = |𝑡(u1:𝑘 ,a1:𝑔 ) ⇒ 𝑡(u↑

1:𝑘 ,a1:𝑔 ) |
↫ ∝ (u1:𝑘 ) ⇒ (u↑

1:𝑘 )∝ (1 + ∝ (u1:𝑘 ,a1:𝑔 )∝𝑑 + ∝ (u↑
1:𝑘 ,a1:𝑔 )∝𝑑).

By Lemma B.1, we can bound ∝ (u1:𝑘 ,a1:𝑔 )∝𝑑 as961

∝ (u1:𝑘 ,a1:𝑔 )∝𝑑 ≃ (∝ (u1:𝑘 )∝ + ∝a1:𝑔 ∝)𝑑 ≃ 2𝑑⇒1
(
∝ (u1:𝑘 )∝𝑑 + ∝a1:𝑔 ∝𝑑

)
.

Thus, we have962

1 + ∝ (u1:𝑘 ,a1:𝑔 )∝𝑑 + ∝ (u↑
1:𝑘 ,a1:𝑔 )∝𝑑 ≃ 1 + 2𝑑⇒1

(
∝ (u1:𝑘 )∝𝑑 + ∝ (u↑

1:𝑘 )∝𝑑
)
+ 2𝑑 ∝a1:𝑔 ∝𝑑

↫ 1 + ∝ (u1:𝑘 )∝𝑑 + ∝ (u↑
1:𝑘 )∝𝑑 ,

where the last inequality holds because a1:𝑔 is fixed. ↭963

Lemma C.11. Let 𝑣 ∞ R𝑔 be a compact set. Suppose for each 𝑅 → N, 𝑓𝑁 : R⇔ R is a continuous964

function that satisfies965

lim
𝑁⇔⇐

𝑓𝑁 (a1:𝑔 ) = 0 (7)

for any constant a1:𝑔 → 𝑣 . Then, we have966

lim
𝑁⇔⇐

sup
a1:𝑋 →𝑄

| 𝑓𝑁 (a1:𝑔 ) | = 0.

Proof. Fix 𝑢 > 0. Let 𝑔(a1:𝑔 , 𝑢) denote the ball of radius 𝑢 centered at a1:𝑔 → R𝑔 . By the continuity967

of 𝑓𝑁, for each a1:𝑔 → 𝑣 , there exists 𝑕a1:𝑋 > 0 such that968

| 𝑓𝑁 (a1:𝑔 ) ⇒ 𝑓𝑁 (b1:𝑔 ) | < 𝑢/2 (b1:𝑔 → 𝑔(a1:𝑔 , 𝑕a1:𝑋 ))
holds. Note that 𝑣 is covered by the union of balls as969

𝑣 ∞


a1:𝑋 →𝑄
𝑔(a1:𝑔 , 𝑕a1:𝑋 ).

Since 𝑣 is compact, we can cover 𝑣 with finitely many balls, say970

𝑣 ∞
𝑙

𝑀=1
𝑔𝑀 =

𝑙
𝑀=1

𝑔(a𝑀

1:𝑔 , 𝑕a𝑄
1:𝑋
),

where 𝑔𝑀 is given by 𝑔𝑀 = 𝑔(a𝑀

1:𝑔 , 𝑕𝑃𝑄 ). By Eq. (7), for each 𝑃 → [𝑥], there exists 𝑍𝑀 → N such that971

| 𝑓𝑁 (a𝑀

1:𝑔 ) | < 𝑢/2 (𝑅 ⇑ 𝑍𝑀)
holds. Let 𝑍 denote the maximum of {𝑍𝑀 : 𝑃 → [𝑥]}. Then, for any 𝑅 ⇑ 𝑍 , we have972

sup
a1:𝑋 →𝑄

| 𝑓𝑁 (a1:𝑔 ) | ≃ max
𝑀→ [𝑙 ]

sup
a1:𝑋 →𝑚𝑄

| 𝑓𝑁 (a1:𝑔 ) | ≃ max
𝑀→ [𝑙 ]

sup
a1:𝑋 →𝑚𝑄

( | 𝑓𝑁 (a1:𝑔 ) ⇒ 𝑓𝑁 (a𝑀

1:𝑔 ) | + | 𝑓𝑁 (a𝑀

1:𝑔 ) |)

< max
𝑀→ [𝑙 ]

𝑢 = 𝑢 ,

which implies the convergence of supa1:𝑋 →𝑄 | 𝑓𝑁 (a1:𝑔 ) | to zero as 𝑅 goes to infinity. ↭973

C.1.3 𝑚2 Converges to 0974

We study the convergence of the term 𝑚2 also defined in Section 4. Specifically, we prove975

𝑚2 =
&&&E 𝑓 (E 𝑡(𝑆g1:𝑊

,p1:𝑔 ) | p1:𝑔

 )
⇒ E 𝑓

(
E[𝑡(𝑆g1:𝑊

, p̊1:𝑔 ) | p̊1:𝑔 ]
)&&& ⇔ 0.

Define a function ϖ : R𝑔 ⇔ R by976

ϖ(a1:𝑔 ) = E

𝑡(𝑆g1:𝑊

,a1:𝑔 )

,
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then it is bounded since 𝑡 is bounded. By the bounded convergence theorem, it is also continuous.977

Therefore, by the continuous mapping theorem, we have978

ϖ(p1:𝑔 )
𝑑⇒⇔ ϖ(p̊1:𝑔 ).

Since 𝑆
g1:𝑊 is independent of p1:𝑔 , we have979

E

𝑡(𝑆g1:𝑊

,p1:𝑔 ) | p1:𝑔


= ϖ(p1:𝑔 ).

Therefore, we haveå980

E

𝑡(𝑆g1:𝑊

,p1:𝑔 ) | p1:𝑔


𝑑⇒⇔ ϖ(p̊1:𝑔 ).

Note that ϖ(p̊1:𝑔 ) can be expressed as981

ϖ(p̊1:𝑔 ) = E

𝑡(𝑆g1:𝑊

, p̊1:𝑔 ) | p̊1:𝑔


,

where 𝑆
g1:𝑊 is independent of p̊1:𝑔 . By Lemma B.2, this implies 𝑚2 ⇔ 0.982

C.2 Proof of Corollary 3.2983

Let 𝑡 : R𝑗 ⇔ R be a bounded and Lipschitz function that satisfies |𝑡 | ≃ 𝑘. Note that by Fact B.3, it984

is also pseudo-Lipschitz. Define a bounded and continuous function 𝑓 : R⇔ R by985

𝑓 (𝑀) = ⇒𝑘1{𝑀 < 𝑘} + 𝑀1{𝑀 → [⇒𝑘,𝑘]} + 𝑘{𝑀 ⇑ 𝑘}.
Then, Lemma B.2 and Theorem 3.1 imply that986

E[𝑡(𝑂1
𝑍
, . . . , 𝑂

𝑗

𝑍
)] = E

(
1
𝑅

𝑁∑
𝑍=1

𝑡(𝑂1
𝑍
, . . . , 𝑂

𝑗

𝑍
)
)
= E


𝑓

(
1
𝑅

𝑁∑
𝑍=1

𝑡(𝑂1
𝑍
, . . . , 𝑂

𝑗

𝑍
)
)

⇔ E

𝑓

(
E[𝑡(𝑆𝑛

1
, . . . , 𝑆

𝑛
𝑌 ) | 𝑉1, . . . , 𝑉𝑔 ]

)
= E


𝑡(𝑆𝑛

1
, . . . , 𝑆

𝑛
𝑌 )


holds as 𝑅 ⇔ ⇐. Since the above convergence holds for all bounded and Lipschitz function 𝑡, by987

Lemma B.2, this implies the desired convergence in distribution.988
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