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A Simulation Details and Supplementary Analysis

A.1 General Experimental Setup

Throughout all simulations presented in this paper, we consistently set the spatial dimension to s = 4.
The core experimental setup follows that described in Example [i Specifically, the vectors x!, ..., x*
are outputs of MatMul, defined by _ _
xX'=Wh (i€]s].
Each element of the initial vector # € R is sampled independently from a standard normal distribution.
For all weight matrices _involved in the attention mechanism W24 WK.a wV.a Ww0.a gn( the
matrices W' generating x’, we set
2 2 2 2 2
UwQ,a = UwK,u = O-Wv,u = O'Wo,a = o-Wi =1
The elements of these weight matrices are independently sampled from N (0, 0'5‘,/ n), where o-%, is
the respective variance (here, 1).
Under this setup, the input vectors x/ to the attention layer are designed such that their infinite-width
limits Z*’ are uncorrelated for j#j,ie.,

E[Z¥Z¥ =0 (j,j €lsl. j#J).
Furthermore, the infinite-width limit Z~' has the variance
E[(z")]=1 (i€ [s]).

Consequently, the covariances of the limiting variables for the vectors 7%/ and dot-product scores
ﬁﬁ’“j) simplify as described in Example

E[(Z)] (a=a', j=]),

Cov(z"™, 77"y =
ov( ) {0 (otherwise).

and )
. (a sziZ) a:a’,i:i',':",
cW@gmgb=(“ M) Ga=aii=it =i
(otherwise).

To estimate the empirical distributions of finite-width attention outputs and their corresponding
infinite-width limits, we employ Monte Carlo sampling. For each such estimation, 300, 000 samples
are drawn. Kernel density estimation (KDE) is used to visualize these empirical distributions.

A.2 Analysis of Low-Rank Attention
A.2.1 Specific Setup for Low-Rank Attention

In practice, large-scale Transformers typically assume a specific embedding dimensionality for
multi-head self-attention layers. For head counts H, the embedding dimension # is set linearly as
n = Hnpg, where ng denotes the head dimension and determines the sizes of weight matrices as
wea wkK.a wV.a ¢ RmaXn Thus, the QK product becomes low-rank relative to the embedding
dimension n, and the scaling factor is given by 1/+/ng as follows:

(a) _ 1 Q.,a iNT ryK,aj ..
= ——— (W w ,J € ,a€H]).
Pi \/ﬁ( x') ' ( x!) (i,j €ls], a€[H])
For example, the original Transformer architecture sets H = 8 and ny = 64. Large-scale models
often increase the number of heads to be on the order of the hidden embedding dimension [EXW*24],
as seen in GPT-3 (175B parameters), which sets H = 96 and ng = 128.

Additionally, since the output from each head is also of dimension ny through the value matrix, an
output weight W4 € R s applied to map it back to the n-dimensional input for the subsequent

layer:

H
yi = Z Z SoftMaxj(pE’al), . ,pfi))WO’“WV’axj (i € [s]).
a=1 j=1
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Figure 3: Comparison of the distribution of the attention output yi under the low-rank setting and
its infinite-width limit Z¥. Kernel density estimates of the empirical distribution (via Monte Carlo
sampling) of y} for various widths n and head counts H (with ng = n/H = 64 is fixed, dashed lines)
alongside that of Z¥ (solid lines). The plot shows convergence to the infinite-width limit as n and H
increase proportionally.

Note that, to ensure the dot-product scores and the attention outputs are of order 1, the weight matrices
are randomly initialized with the following scales:

WE WS Wt ~ N, o /n), WO ~ N0, 0, /np) (. B € [n]).

A.2.2 Results and Discussion

Finally, we investigate the behavior of the attention output y' in the low-rank regime described
above, where the number of heads H increases proportionally with n. Fixing the head dimension
nyg = n/H = 64, Figure |3 presents kernel density estimates of the distribution of yi for (n,H) €
{(64,1), (256,4), (1024,T16)}, alongside the distributions of their corresponding infinite-width limit
Z”, approximated via Monte Carlo sampling. In all cases, the finite-width estimates (dashed lines)
closely track the infinite-width limits (solid lines).

Notably, even in these practically relevant settings employing low-rank attention (where head-
specific projections are ny X n or n X ny rather than the n X n matrices primarily assumed in our
formal derivations in Theorem @), our infinite-width framework continues to provide an excellent
approximation. This agreement suggests that the core principles of convergence captured by our
theory extend robustly to common architectural variants like low-rank attention (with appropriate
scaling considerations), underscoring the practical utility of our theoretical predictions under these
structural assumptions common in modern attention models."

B Mathematical Tools

B.1 Basics

Lemma B.1. For1 <m < o anday,...,ar € R, we have
k m k m k
Zai < Zlail < km_12|ai|m.
i=1 i=1 i=1

Proof. The first inequality is an application of the triangle inequality. The second inequality follows
from Jensen’s inequality. Since m > 1, the function x — x" on [0, o0) is convex, and thus Jensen’s
inequality implies

k m 1 k m 1 k k
; —m| = ; < kM- imzkm—l im
(;|a|) (k;m) k;'“' ;m

as desired. O
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Lemma B.2 (Portmanteau lemma (Lemma 2.2 in [Vaa98])). The following conditions are equivalent.

i) X, -5 x.
(ii) E[ f(X,,)] — E[f(X)] for all bounded and continuous function f.
(iii) E[f(X,)] = E[f(X)] for all bounded and Lipschitz function f.

(iv) P(X,, € B) — P(X € B) for all Borel sets B with P(X € §B) = 0, where 6B denotes the
boundary of B.

Fact B.1. Suppose {X,, }nen is a sequence of integrable random variables that converges in probability
to X. Then the following statements are equivalent.

(i) The sequence { Xy }nen is uniformly integrable.
(i) E(|Xu|) = E(IX]) < co.
Remark B.1. If X,, converges to 0 in probability, then by Fact|B.1, we have
E(|X,]) =0(1) &=  {X}nen is uniformly integrable.
Moreover, since [E(X,)| < E(|X,]), it follows that E(X,) = o(1).

Fact B.2. Suppose there exists 6 > 1 such that sup, E(|X,|°) < co. Then the sequence {Xp}nen is
uniformly integrable.

B.2 Pseudo-Lipschitz Functions

Definition B.1 (Pseudo-Lipschitz functions [BM11]). Letd > 1beaconstant. A function f : RF SR
is pseudo-Lipschitz of order d if there exists a constant C > 0 such that, for all x, y € RX,

1f () = FOI < Clle =yl (L + 197+ [yl 971
holds.
Fact B.3. The following statements hold.
(i) A Lipschitz function is pseudo-Lipschitz of order d for all d > 1.

(ii) A pseudo-Lipschitz function (of any given order) is continuous.

In this paper, we refer to a function as pseudo-Lipschitz if it is pseudo-Lipschitz of order d for some
d € [2,00).

Proposition B.3. Suppose f : R¥ = R and g; : R¢ — R (i € [k]) are pseudo-Lipschitz. Then the
function h : R — R defined by h(x) = f(g1(x), ..., gk(x)) is also pseudo-Lipschitz.

Proof. Suppose f is pseudo-Lipschitz of order dy + 1 and each g; is pseudo-Lipschitz of order d; + 1.
Define a function g : R — RX and a constant d > 1 by

g(x) = (g1(x), ..., 8k(x)), d=max{dy,...,di}.
Applying the pseudo-Lipschitz bounds for f and each g; gives
[h(x) = hG 5 llg() = g (1+ (I + 1))

and
190(6) = gr () < lle =/ (1 el 11 ) o =11 (14 hll + 011

The last inequality implies

X 12
() = g () = (Z l9i(x) - gi(x'>|2) < M=/l (1 Dl + 1)

i=1
On the other hand, since

k k Z2
eI = " lgi (o) < (Z |gi(x>|)
i=1 i=1
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holds in general, Lemma [B.T implies

k d g
llg (o)1 < (Z |gi<x)|) SONIHEIE
i=1 i=1

The pseudo-Lipschitz property of each g; yields
lgi ()] < 1gi(0)] + Igi(x) = g (0)] < T+ [Ixl|(1+ [lxl|¥) < 1+ el < 14 |lx]| 4.
Hence, by Lemma|[B.T, we have
g < (14 [x[[F1)% < 1+ [fx[[%ot+D.
Combining these elements gives
1) = B S [l = (1 Il 1) (1 [l D) ol ).
We expand the product as
(L el [ 1) (1 + [l 0D 4 [ o+
=1+ ”x”d + “x/“d + ||x||d()(d+l) + ||x/||d()(d+l) + ||x||d+d()(d+]) + ||x/||d+d()(d+l)
el fle” [0 (| e Do
Observe that each of the first seven terms are bounded by 1 + ||x||* + ||x’||%, where a is given by
a=d+dy(d+1).
For the remaining two terms, we apply the weighted AM-GM inequality to obtain
do(d+1)
a

d do(d+1 d do+h) - d
[l ]l |0+ = (x| ) @ (Ix|4) " @ < lexll“ +

[l 11 < el + )1

The same bound applies to ||x"||¢||x||%(4*1). Therefore the entire product satisfies

(L [l Il ) (1 el 00D o 00Dy < 1 ]+ 1)1,

which implies that & is pseudo-Lipschitz of order a. O
Lemma B.4. Define f : R?> — R by f(x,y) = xy. Then f is pseudo-Lipschitz of order d for every
d € [2, ).

Proof. For (x,y), (x’,y") € R?, we have
Lf e, y) = f D= ey =Xy =[x (y = y) + (x = x")y'|
< Ixlly =y I+ e =Xy < NG y) = 7 D1l =+ 1y'D-
Observe that for any d > 2, we have
el < 1< T+ YT < Iy < T+ )19
and consequently, we have
bl + 11 < T+ 11 I+ 1 )19
This gives us
£ e y) = £ 90 G y) = O I+ TG I+ 16 )19,
which shows that f is pseudo-Lipschitz of order d. O

C Remaining proofs

C.1 Proof of Theorem|4.1]

In this section we provide detailed proofs for the results sketched in Section[d} thereby completing the
proof of Theorem @1}

Throughout, E[- | X] denotes the conditional expectation with respect to the o-algebra o (X). Since
conditional expectations are only defined up to almost-sure equality, we omit “a.s.” when writing

«d-Syy

in this context.
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C.1.1 Weak Convergence of the Dot Products

In this section we prove the following proposition.

Proposition C.1. Under the assumptions of Theorem 4.1} the vector (pi, ..., p,) converges in
distribution to (p1, ..., py), which is the Gaussian vector defined in DeﬁnitionM

The proof of Proposition relies on the next lemma, which is an application of Theorem 2 in
[BCRTS8].

Lemma C.2. For eachn € N, let {Xy}qe[n) be an exchangeable sequence of random variables
satisfying

E[X,] =0, E[X2]=02, o02—0220 (n— ).

Set S = 3" _| Xo/\n. Assume the following conditions:
(a) E(X1X2) = o(1/n).
(b) lim, o E(X?X?) = o}

(c) BE(IX1) = o(¥/n).

Then, S converges in distribution to Z, where the random variable Z satisfies

7% if o2=0, Z ~ N(0,02)  otherwise.

We introduce the following notation. For any two matrices W/ and W*"-/" appearing in the program,

(@".J"
define d(l.’j) by

@y _ [ (if W and W+/" are the same matrices),
i.)) 7|0 (otherwise).

It is important to note that dgf jj) ) is always a deterministic value that is independ of n, and is fixed by

the program architecture. According to the sampling rule explained in Section @, the matrices W'/

J)

and W''/" are sampled independently whenever d (".1') s zero. In particular, AssumptionH gives

i) =0 (ielr. @)
Lett,...,t be arbitrary constants. We define
r r 1 1 n
_ _ 1 2 il iz
$=Sumi= 37 43 5 3w wikginz| - o2 3.
i=1 i=1 a=1y=l = a=1

where X, is given by

i,1 i,2 l 1 12
Z Z t’Wﬂ)’lWﬂn 1%y -
i=1 y1,7:=1

Lemmas |C.3-C.8|show that the sequence {X4}qe[n satisfies the conditions of Lemma|C.2. The

proof of Propositionis completed by applying Lemmato §=X"_, Xo/+/n and then invoking
the Cramér—Wold device.

Lemma C.3. The sequence {Xy}qe[n] is exchangeable.

Proof. By the samplmg rule, an element W of the random matrix W%/ independently and identically

follows N (O, O'Wl ;/n) for a, B € [n]. Hence conditional on {x*/ : i € [r], j € [2]}, the random

variables X, ..., X,, are i.i.d. Hence, by de Finetti’s theorem, {X,}oe[n] is exchangeable. ]

Lemma C4. E(X,) = 0 holds for every a € [n].

I
S
O

Proof. We compute E(Xo) = i X5, tiE (Wﬁ;)l,] ) E (Wﬁéz) E (x;’lle/’zz)

23



oo Lemma C.5. We have lim, ., E(X2) = o2 with

.
o=y tiltizE[zgl“]zg“‘zzg'z’]zg'z’z]
inia=1
Y Uiz 12 i’ | (inf) y(in.j")
_ x5 xi2ed x1102 o xi2ed i,J iz, )’
= Z Z i i W'ﬂE{Z z ]E[Z z ]dal,l)d(il,z)’
i1,i=1(j,j’)eJ

901 where we defined J = {(1,2), (2,1)}.

902 Proof. Forany a € [n], we have

E(X2)

r n
ir,1 1121112 ir,1 122l21122
Z Z tis Way, Way, Xy, Xy, i Way, Way Xy, Xy,

i1=1y1,y2=1 ir=1vy3,y4=1
_ i Lyrin,2 i, L iz, i1, 01,2 ,02,1 2,2
- Z Z Tt (Wi Wiz Wit Wiz B (et 2l
i1,i2=1y1,..., Ya=
r n

Lt 11 1 i1, 2 i, 1,02,) 01,2 02,] (i2,)) 4(i2,j")
Z ti, 1, B [ 071) ]E[(W(Wz ] ( Xyl Xy Xy, Xy, )d(n l)d(ll 2)
i,=1y1,72=1(j,j )€

r n n
1 IR Sy
_ 2: 2 2 2 2 TRNCYA S E i1,2 02, ] (i2,)) 7(i2,j")
- t”llZO-Wilrlo-W"llE n Ty X n Ty Ay d(n,l)d(n,Z)
ini=1(j,j )€l yi=1 72=1

,
n—oo
—> E i 1,0

i1,i=1 (j,j")ed

th IO—WI] 2

x xi2od xi12 xizd" | (i2,j) (i2.5")
B[z 2 |8 |22 2 | a ) al]),

o3 where the convergence follows from Lemma|C.9, Finally, Eq. {#) and Definition [3.1]imply that

5 5 il in.g i12 i (i2,7) 4(i2,7") L 12 o oinl g2
O'W;I,IO'WiI,ZE[Zx zx ]E[zx ]d(lf])d(lfz) _]E[Zf> 78" 78! 78 ]

904 holds for any iy,i, € [r] and (j, j') € J.

905 Lemma C.6. E(X,Xg) = 0 holds for every a, 5 € [n],a # S.

s0s Proof. For a # 3, we have

r n
— iy, Lyyrin,2 X 1 11, 12, 122 i, 1 5,2
E(XHXB) =E Z Z tllW(Wl Wa)’z Y1 Z Z tlZ By3 ﬁy4 V3 xﬂ

i1=1y1,72=1 ir=1y3,74=1
_ i,1 i1, iz,1 i2,2 ir,1 01,2 02,1 12,2
_ Z Z 1o (wish) B (a2 ) B (wis! ) 2 (Wi ) B (i i o)
i,0h=1yp,....,y4=

0

907 as desired.

90s Lemma C.7. lim,_, E(X(ZIXL%) = o holds for every a, B € [n],a # .
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9o Proof. By a calculation similar to Lemma|[C.5], we have

2 v2
E(X2X2)
.
.2 2 2 2 (i 1) 7G2:07) J(iasja) 5(ia503)
= Z Z i i lisiy Oyyin 1 Ty 2 Ty Tyia2 i 1y iy 2y i1y A iy 2)
i1 la=1 (1, 1), (s jy) €02

1 n . . 1 n A . 1 n | X X 1 n 5 . .,
- i, 0.1 || 2 i1,2 201 || 2 i3, 1 _ia,ja | L i3,2_ 4]
xE " Z Xyl A » Z Xy Xy " Xys Xys " Xyy Xy,
yi=1 y2=1 y3=1 ya=1
-
by 22 2 (i) (20 (i) o asds)
Du Tl T T T ) A
i =1 (1, 77), (G2, 75) €J2
il xi2d1 X102 200 i3l o yidoia X032 42
xXE|(Z* Z E|(Z* Z E(Z*" Z E(Z*" Z ,

910 where the convergence follows from Lemma|C.9. Observe that this limit is equivalent to 2. o

ot Lemma C.8. E(|X,|?) = o(vn) holds as n —  for every « € [n].

912 Proof. By the Lyapunov inequality, we have

1 1 o i
FEOXF) < = (20) < = [swpEcxd)|

913 Thus, it suffices to show that sup,, E(Xfl) < oo holds. We can express E(Xi) as

r

n
4y = i L yyizs Lyyiss L ppias Lpyins2 priz:2 yis-2 pyias2
E(X4) = Dottt B W W W W W Wi Wi Wi
1] =1

,,,,, =1 y1,...,7
i],] iz,l i},l i4,] i|,2 i2,2 i3,2 i4,2
xE [x71 x?’z Xy x74 x)’s x% Xyr x)’s :

914 Applying the Cauchy—Schwarz inequality yields

il,l iz,l i},l i4,] i1,2 i2,2 i3,2 i4,2
E [x71 Xyy Xys Xyy Xys Xye Xyr Xyg

(et [t -t (et
k=1 k=1 k=1 k=1
< sup E [(xi’j)g] .
ie[r], je[2]

915 By the boundedness of x'/ (i € [r], j € [2]), the last term is bounded uniformly in n, and
916 consequently, it holds that

i, 1 i, 1 03,1 ig, 1 01,2 00,2 03,2 i4,2
SIVleE Xy Xy Xy Xy Xt X Xy X | < oo,
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917 Hence, we compute
r n
4 i1, L yi7in, L yi7iss L yiziss 1 vrzit»2 variz.2 varis»2 yazia,2
E(X“) s Z Z E [Wm’l W072W"73W074W075 WCVVGW”77W(Z)/S
i1,esdg=1y1,..,78=1

Z Z B [Wi,l wisl wisl wisl wis2 pyi2 Wf;;Wiﬁg]

ay) @y’ @y3 T @ys @ys ' QYyp
i=1 yi,...,y3=1

r n
i, L yins L ypyins Ly, ywin2 ywits2 ywit»2 yiz.2
+4 Z Z Z E [Was WarnWays Way Wari Waye Was Wase |
i=1i2#i) yp,...,y8=1
r n
iy, L yins i, Lyt 1 pyin2 ywits2 yiz.2 yiz.2
+3) 0 D, BIWLIWILWEWEIWIIWI W wE]
i1=1 i2#i1 yp,...,y8=1

r n
il,l i],l ig,l i39] i1,2 i1,2 i2,2 i3,2
F62L D, DL 2y B|WEWEWEWWI W W W
i1=1 #i i3g¢{i,i2} ¥1,...,¥8=1

ayr T ay T aysttays T ays’' aye

r n
ir,1 12,1 i3,1 14,1 11,2 ya7i2,2 i3,2 14,2
£ Y Y E [W Wil Wi wiss w2 w2 w2 yis.2

i1,i2,13,14=1 y1,...,y8=1
all distinct

=: A] +4A2 + 3A3 + 6A4 + A5.
913 Define o by o = max{ow:.; :i € [r], j € [2]}. Then, we compute A; as

A=), DL BIWe W W Wan | B Wi Was Wi, Wi, |

ayy " ay2’ ays
i=1 y1,...,y5=1

33 E v E (v ]

i=1 y1,72=1

Y S S e[ o] e o]

i=1 (j,j)eJ y1,72=1 V3#72

29 S ST Y B (whl 2 B (L) B (W) B Wiz, ]

i=1 y1,72=1 V3#Y1 va#Y2

4 4 4 4 2.4 4
[ 9 in Oy ; 3(n - 1)0'Wf,j0'W,.~j, 9 (n=1)%0p,: 1 0win
"4l T T n? ¥ n?
i=1 (el

-
_ 4 4 8
= 92‘10"}‘,,-,10")‘,[,2 <ot
i=1
919 Likewise, we have
r n
_ i i it | yized 2 v7ins2 vrin2 iz d | (. 5(ia,j")
AZ_ZZ Z Z E[WWIWWZWa%Waﬂ]E[Wayswa%Wame/s d(il,l)d(il,Z)
ii=li2#i (j,j')€J yi,--..78=1
r
_ 4 4 (i2,7) 4(i2,j") 8
‘922 Z Tyira T2 14 a) SO
i1=1 ir#i) (j,j')EJ
920 and
r n
_ i L vsin, 1 vsized viiz.J i1, 27012 iz d e d | g(i2.0) (i2.5")
A= 00 > D Elwiwisiwiiwil|e(wigwidwirl wisl | di ]
ii=1i2#i1 (j,j')eJ y1,....y8=1

-
4 4 (22,4) 7(i2,)") 8
922 Z O—Wil’lo—Wi]’2d(il,1)d(ilsz) S0

ih1=1ix#i (j,j)ed

o1 Applying a similar argument, we can also show that A; < o and As < o8 holds. Therefore, we
922 conclude that ]E(Xi) < o8 holds, which completes the proof. m]
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923 Lemma C.9. Tuke ky,...,ks € {(i,)) :i € [r], j € [2]} arbitrarily. Then, the following statements
924  hold as n — oo.

925 (i) For (xk1, ... x*), we have
1 v 1 « 1
- k1 ky - k3 ky - ks k(, k7 kg
E n ¥ [\ 5 X 5, Xy3Xy; Y
y1=1 y2=1 v3=1

SE [zxk‘ ZX"’] E [Zxk3 Zxk4] E [zx s 7% "’] E [zx 7 7% *] .

926 (ii) For (xk', ... ,xk4), we have
1 k3 k. kq ko k3 ky
E ; ks nyg |l s B[z 2| B |20 2.
Yi=

927 Proof. Define the residual term R, by

1 4 ky, 1 k2 1 5]
Re=~ Y e~z 2]
¢ nz ve

=1
s for each i € [4]. Define constants C and R by
X xkzé’ ] 4 %
C = max )E [Z "z ] R = | max E(R?)
tel4] fel4]

929 Note that C is bounded by the boundedness of x>/ for all i € [r] and j € [2] (see Definition .
930 Then, we can write

1 L k2 1 k2 4 £ "2(
1_[ ; Z x)’f[ c I—[ [Zx Zx ]
(=1 =1 =1
4 201 ke et ke
- e H(R,5+E[Z z ]) E[Z z ]
=1 =1

<4C3R + 6C?R* + 4CR? + R*,

931 where the last inequality follows from the Cauchy—Schwarz inequality and the Lyapunov inequality.
932 Likewise, we have

1+ ko, -1 kz 2 xsz" %2
H;Z” AT lEl 2

=1 =1
2
- B l—[ (Rg_'_E[Zxsz*'Zxsz]) [Zx - lzxkzr]
=1 =1
<2CR+R°.

sss  Thus, it remains only to prove that R converges to 0 as n — oco. This can be achieved by showing
934 that E(R‘;) converges to 0 for all £ € [4]. By Fact|§i|and Lemma|B.4| for all ¢ € [4], we know Ry
935 converges almost surely to 0. The continuous mapping theorem then yields

R E50.

e3s  To upgrade this to convergence in expectation, Facts[B.T]and[B.2]imply it suffices to show the existance
937 of a constant 6 > 1 that satisfies
sup E(R}*9) < co.
n

ws But since each x’/ and its infinite-width limit Z*" are bounded, sugh a o0 exists. Therefore, we
939 conclude that ]E(R‘;) converges to 0 for all £ € [4], and consequently, R does as well. m]
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C.1.2 §; Converges to 0

We study the convergence of the term S defined in Section[d] Specifically, we show

Sl= — 0.

-Ef (Elu 2™ p1) | p1a )

1 ¢ :
Ef (; Z_lwgi,-M,pm

Fix a small € > 0. Since P;., is a Gaussian vector (see Definition @), it is tight. Hence there exists a
compact set K C R” that satisfies

P(ﬁl:r € K) >1-—e€.
Set

1 1 . 1M
y=- Z l//(gé’Mml:r), z=E [l//(zg ,P1:r) | pl:r] .
n a=1

Then, we have

S1=IEf(y) —Ef(2)]
< E[(f(y) = f(2) Hp1r € K} +[E[(f(y) = f(2) {p1r ¢ K}]|
< [E[(f(y) = f(2)Hp1r € K} +E[f(y) - f(2)|{p1.r ¢ K}]. (5)

By the boundedness of f, the second term of Eq. (5) is bounded as
E[lf(y) - f(Z)H{pl:r ¢ K}] < CP(pl:r ¢ K)

with some constant C. Furthermore, noting that K is a Borel set, applying Lemma [B.2 and
Proposition|C.T gives
nangoP(pl:r ¢K)=P(P1,¢K) <e.

Therefore, for large enough n, we have

E[lf(y) = f(D|1{p1.r ¢ K}] < Ce.
For the first term of Eq. (3], we have

[E[(f () = f(2){p1:r € K}]]
f (% ; ‘//(g(lt:M’alzr))

= sup D,(ai,),

a €K

< sup |E

a €K

-2y e o o))

where @, : R” — R is defined by

E f(%Ztﬁ(géM, afl:r))
a=1

(Dn(alzr) =

2y o )|

Define ¥q,, : R® — Rby
‘r/;al;r (wim) =¥ (upm, ary). (6)

Observe that /4., is bounded by the boundedness of . We later show that i, is also pseudo-
Lipschitz (Lemma|C.10). Therefore, by Eq. (3) and Lemma|[B.2, we have

lim ®,(a.,;) =0 (ar, €R").
n—oo

Moreover, noting that f and ¢ are bounded and continuous (see Fact [B.3), we can apply the
(uncoditional and conditional) bounded convergence theorem to show that ®,, is continuous at every
point. Therefore, we can apply Lemma m to show that sup,, g ®u(ay,) converges to 0 as
n — oo.

Lemma C.10. Define o, : RM — R by Eq. (6). Then, it is pseudo-Lipschitz.
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Proof. Suppose y is pseudo-Lipschitz of order d + 1 with d > 1. Then, we have
War, (i) = Yay, (Wi p)| = W (wims, arr) = ¢ (W) ary)]
< lwim) = @) I+ (@i, ar) 1+ 11wy, @) [9).
By Lemma[i, we can bound ||(w1.a7, a1.-)||¢ as
lwrar @)l < ()l + llar, D < 297" (a1 + llar19)
Thus, we have

F s ar) 19+ 11 ) 19 < 14297 (Gl + 1 ) 19) + 2 a1

A

L+ [ (upan) 14+ 1 (w19,
where the last inequality holds because a ., is fixed. ]

Lemma C.11. Let K C R” be a compact set. Suppose for eachn € N, f,, : R — R is a continuous
function that satisfies

nli_{lgofn(al:r) =0 (7)
for any constant ay., € K. Then, we have

lim sup |fu(ai,)|=0.
n—oo

ar€K

Proof. Fix € > 0. Let B(a., €) denote the ball of radius € centered at a|,, € R". By the continuity
of fy, for each ay.. € K, there exists dq4,, > 0 such that

|fn(a1:r) - fn(bl:r)l < 6/2 (bl:r € B(al:r, 6a1;r))
holds. Note that K is covered by the union of balls as

K c U B(alzr’6a1;r)-

ar€K

Since K is compact, we can cover K with finitely many balls, say

1 1
Kc U1 Bi = U1 B(aj,. 04 ),
i= i=

where B; is given by B; = B(a’i:r, 64:). By Eq. (7)), for each i € [I], there exists N; € N such that
nlai) < e/2 (nzNy)
holds. Let N denote the maximum of {N; : i € [I]}. Then, for any n > N, we have
sup |fnlar)| < max sup |fular)| < max sup (Ifn(air) _fn(ali¢r)| + |fn(a[]r)|)
ap€K i€l a.€B; i€l a.r€B;
< max € = €,

ie[l]

which implies the convergence of sup,, <k |fn(@1.r)| to zero as n goes to infinity. O

C.1.3 S, Converges to 0

We study the convergence of the term S, also defined in Section[d} Specifically, we prove
M LM °
N |Ef (E [lﬁ(zg ,P1r) | pl:r]) -Ef (E[lﬁ(zg ,Prr) | pl:r])‘ — 0.
Define a function ¥ : R” — R by

¥(ar,) = E 027" ai,)|.
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then it is bounded since ¢ is bounded. By the bounded convergence theorem, it is also continuous.
Therefore, by the continuous mapping theorem, we have

d o
Y(prr) — ¥Y(Pir).
Since 79" is independent of p;.,., we have
1M
E [l//(zg D1 | pl:r] =¥Y(p1.r).
Therefore, we haved
:M d °
B[uz™ pi) [ i | <5 $B1).
Note that ¥(py.,) can be expressed as
o 1: o o
lI"(pl:r) =E [W(Zg M,Pl:r) | pl:r] s

where Z9"™ is independent of p;.,.. By Lemma@, this implies S — O.

C.2  Proof of Corollary

Let ¢ : R/ — R be a bounded and Lipschitz function that satisfies || < C. Note that by Fact it
is also pseudo-Lipschitz. Define a bounded and continuous function f : R — R by

f(x)=-Cl{x < C}+xl{x € [-C,C]}+C{x = C}.
Then, Lemma [B.2 and Theorem 3.1]imply that

(BN 1 AN 1 N 1 J
;;w(ka,...,ha))—E f(n;;p(ha,...,ha))l

SE [f (]E[z//(Zhl,...,Zhj) |151,...,ﬁ,])] =E[¢(Zhl,...,2h")]

holds as n — oco. Since the above convergence holds for all bounded and Lipschitz function ¢, by
Lemma[B.2] this implies the desired convergence in distribution.

Ely(h.,....,h))] =E

NeurIPS Paper Checklist

1. Claims

Question: Do the main claims made in the abstract and introduction accurately reflect the
paper’s contributions and scope?

Answer: [Yes]
Justification: We clearly stated the main claim in the abstract and introduction.
Guidelines:

* The answer NA means that the abstract and introduction do not include the claims made
in the paper.

* The abstract and/or introduction should clearly state the claims made, including the
contributions made in the paper and important assumptions and limitations. A No or
NA answer to this question will not be perceived well by the reviewers.

* The claims made should match theoretical and experimental results, and reflect how
much the results can be expected to generalize to other settings.

* It is fine to include aspirational goals as motivation as long as it is clear that these goals
are not attained by the paper.

2. Limitations
Question: Does the paper discuss the limitations of the work performed by the authors?
Answer: [Yes]

Justification: We stated the limitation in the last section for discussion.
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Guidelines:

» The answer NA means that the paper has no limitation while the answer No means that
the paper has limitations, but those are not discussed in the paper.

* The authors are encouraged to create a separate "Limitations" section in their paper.

* The paper should point out any strong assumptions and how robust the results are to
violations of these assumptions (e.g., independence assumptions, noiseless settings,
model well-specification, asymptotic approximations only holding locally). The authors
should reflect on how these assumptions might be violated in practice and what the
implications would be.

 The authors should reflect on the scope of the claims made, e.g., if the approach was
only tested on a few datasets or with a few runs. In general, empirical results often
depend on implicit assumptions, which should be articulated.

* The authors should reflect on the factors that influence the performance of the approach.
For example, a facial recognition algorithm may perform poorly when image resolution
is low or images are taken in low lighting. Or a speech-to-text system might not be
used reliably to provide closed captions for online lectures because it fails to handle
technical jargon.

e The authors should discuss the computational efficiency of the proposed algorithms
and how they scale with dataset size.

* If applicable, the authors should discuss possible limitations of their approach to address
problems of privacy and fairness.

* While the authors might fear that complete honesty about limitations might be used by
reviewers as grounds for rejection, a worse outcome might be that reviewers discover
limitations that aren’t acknowledged in the paper. The authors should use their best
judgment and recognize that individual actions in favor of transparency play an important
role in developing norms that preserve the integrity of the community. Reviewers will
be specifically instructed to not penalize honesty concerning limitations.

3. Theory assumptions and proofs

Question: For each theoretical result, does the paper provide the full set of assumptions and
a complete (and correct) proof?

Answer: [Yes]

Justification: We have described the full assumption, statements, and proof in the main body
and the appendix.

Guidelines:

» The answer NA means that the paper does not include theoretical results.

 All the theorems, formulas, and proofs in the paper should be numbered and cross-
referenced.

* All assumptions should be clearly stated or referenced in the statement of any theorems.

* The proofs can either appear in the main paper or the supplemental material, but if
they appear in the supplemental material, the authors are encouraged to provide a short
proof sketch to provide intuition.

¢ Inversely, any informal proof provided in the core of the paper should be complemented
by formal proofs provided in appendix or supplemental material.

* Theorems and Lemmas that the proof relies upon should be properly referenced.

. Experimental result reproducibility

Question: Does the paper fully disclose all the information needed to reproduce the main
experimental results of the paper to the extent that it affects the main claims and/or conclusions
of the paper (regardless of whether the code and data are provided or not)?

Answer: [Yes]

Justification: We have described the detailed experimental details in the corresponding
section in the appendix.

Guidelines:

* The answer NA means that the paper does not include experiments.
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* If the paper includes experiments, a No answer to this question will not be perceived well
by the reviewers: Making the paper reproducible is important, regardless of whether
the code and data are provided or not.

If the contribution is a dataset and/or model, the authors should describe the steps taken
to make their results reproducible or verifiable.

* Depending on the contribution, reproducibility can be accomplished in various ways.
For example, if the contribution is a novel architecture, describing the architecture fully
might suffice, or if the contribution is a specific model and empirical evaluation, it may
be necessary to either make it possible for others to replicate the model with the same
dataset, or provide access to the model. In general, releasing code and data is often
one good way to accomplish this, but reproducibility can also be provided via detailed
instructions for how to replicate the results, access to a hosted model (e.g., in the case
of a large language model), releasing of a model checkpoint, or other means that are
appropriate to the research performed.

* While NeurIPS does not require releasing code, the conference does require all
submissions to provide some reasonable avenue for reproducibility, which may depend
on the nature of the contribution. For example

(a) If the contribution is primarily a new algorithm, the paper should make it clear how
to reproduce that algorithm.

(b) If the contribution is primarily a new model architecture, the paper should describe
the architecture clearly and fully.

(c) If the contribution is a new model (e.g., a large language model), then there should
either be a way to access this model for reproducing the results or a way to reproduce
the model (e.g., with an open-source dataset or instructions for how to construct the
dataset).

(d) We recognize that reproducibility may be tricky in some cases, in which case authors
are welcome to describe the particular way they provide for reproducibility. In the
case of closed-source models, it may be that access to the model is limited in some
way (e.g., to registered users), but it should be possible for other researchers to have
some path to reproducing or verifying the results.

5. Open access to data and code

Question: Does the paper provide open access to the data and code, with sufficient instructions
to faithfully reproduce the main experimental results, as described in supplemental material?

Answer: [Yes]
Justification: We will open the source code.
Guidelines:

» The answer NA means that paper does not include experiments requiring code.

* Please see the NeurIPS code and data submission guidelines (https://nips.cc/
public/guides/CodeSubmissionPolicy) for more details.

* While we encourage the release of code and data, we understand that this might not be
possible, so “No” is an acceptable answer. Papers cannot be rejected simply for not
including code, unless this is central to the contribution (e.g., for a new open-source
benchmark).

* The instructions should contain the exact command and environment needed to run
to reproduce the results. See the NeurIPS code and data submission guidelines
(https://nips.cc/public/guides/CodeSubmissionPolicy) for more details.

* The authors should provide instructions on data access and preparation, including how
to access the raw data, preprocessed data, intermediate data, and generated data, etc.

* The authors should provide scripts to reproduce all experimental results for the new
proposed method and baselines. If only a subset of experiments are reproducible, they
should state which ones are omitted from the script and why.

* At submission time, to preserve anonymity, the authors should release anonymized
versions (if applicable).

* Providing as much information as possible in supplemental material (appended to the
paper) is recommended, but including URLSs to data and code is permitted.
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6. Experimental setting/details

Question: Does the paper specify all the training and test details (e.g., data splits, hyper-
parameters, how they were chosen, type of optimizer, etc.) necessary to understand the
results?

Answer: [Yes]
Justification: We have clearly described the experimental details in the appendix.
Guidelines:

* The answer NA means that the paper does not include experiments.

* The experimental setting should be presented in the core of the paper to a level of detail
that is necessary to appreciate the results and make sense of them.

* The full details can be provided either with the code, in appendix, or as supplemental
material.

. Experiment statistical significance

Question: Does the paper report error bars suitably and correctly defined or other appropriate
information about the statistical significance of the experiments?

Answer: [Yes]

Justification: We have repeated the experimental multiple times and report the standard
deviation comes from the replication.

Guidelines:

* The answer NA means that the paper does not include experiments.

* The authors should answer "Yes" if the results are accompanied by error bars, confidence
intervals, or statistical significance tests, at least for the experiments that support the
main claims of the paper.

* The factors of variability that the error bars are capturing should be clearly stated (for
example, train/test split, initialization, random drawing of some parameter, or overall
run with given experimental conditions).

* The method for calculating the error bars should be explained (closed form formula,
call to a library function, bootstrap, etc.)

* The assumptions made should be given (e.g., Normally distributed errors).

* It should be clear whether the error bar is the standard deviation or the standard error of
the mean.

It is OK to report 1-sigma error bars, but one should state it. The authors should
preferably report a 2-sigma error bar than state that they have a 96% CI, if the hypothesis
of Normality of errors is not verified.

 For asymmetric distributions, the authors should be careful not to show in tables or
figures symmetric error bars that would yield results that are out of range (e.g. negative
error rates).

e If error bars are reported in tables or plots, The authors should explain in the text how
they were calculated and reference the corresponding figures or tables in the text.

8. Experiments compute resources

Question: For each experiment, does the paper provide sufficient information on the computer
resources (type of compute workers, memory, time of execution) needed to reproduce the
experiments?

Answer:

Justification: Our experiments are small-scale and implementable by a small laptop. Also,
we do not pursue the computational cost in this study, so the computational resource is out
of our focus.

Guidelines:

* The answer NA means that the paper does not include experiments.

* The paper should indicate the type of compute workers CPU or GPU, internal cluster,
or cloud provider, including relevant memory and storage.
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9.

10.

11.

* The paper should provide the amount of compute required for each of the individual
experimental runs as well as estimate the total compute.

* The paper should disclose whether the full research project required more compute
than the experiments reported in the paper (e.g., preliminary or failed experiments that
didn’t make it into the paper).

Code of ethics

Question: Does the research conducted in the paper conform, in every respect, with the
NeurIPS Code of Ethics https://neurips.cc/public/EthicsGuidelines?

Answer: [Yes]
Justification: We have checked the code.
Guidelines:

* The answer NA means that the authors have not reviewed the NeurIPS Code of Ethics.

* If the authors answer No, they should explain the special circumstances that require a
deviation from the Code of Ethics.

e The authors should make sure to preserve anonymity (e.g., if there is a special
consideration due to laws or regulations in their jurisdiction).

Broader impacts

Question: Does the paper discuss both potential positive societal impacts and negative
societal impacts of the work performed?

Answer:

Justification: A main focus of this study is fundamental, so there is almost no effect on social
impacts.

Guidelines:

* The answer NA means that there is no societal impact of the work performed.

o If the authors answer NA or No, they should explain why their work has no societal
impact or why the paper does not address societal impact.

» Examples of negative societal impacts include potential malicious or unintended uses
(e.g., disinformation, generating fake profiles, surveillance), fairness considerations
(e.g., deployment of technologies that could make decisions that unfairly impact specific
groups), privacy considerations, and security considerations.

* The conference expects that many papers will be foundational research and not tied
to particular applications, let alone deployments. However, if there is a direct path to
any negative applications, the authors should point it out. For example, it is legitimate
to point out that an improvement in the quality of generative models could be used to
generate deepfakes for disinformation. On the other hand, it is not needed to point out
that a generic algorithm for optimizing neural networks could enable people to train
models that generate Deepfakes faster.

* The authors should consider possible harms that could arise when the technology is
being used as intended and functioning correctly, harms that could arise when the
technology is being used as intended but gives incorrect results, and harms following
from (intentional or unintentional) misuse of the technology.

* If there are negative societal impacts, the authors could also discuss possible mitigation
strategies (e.g., gated release of models, providing defenses in addition to attacks,
mechanisms for monitoring misuse, mechanisms to monitor how a system learns from
feedback over time, improving the efficiency and accessibility of ML).

Safeguards

Question: Does the paper describe safeguards that have been put in place for responsible
release of data or models that have a high risk for misuse (e.g., pretrained language models,
image generators, or scraped datasets)?

Answer:
Justification: Since this paper is theoretical, the outcome does not have a righ risk for misuse.

Guidelines:
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* The answer NA means that the paper poses no such risks.

* Released models that have a high risk for misuse or dual-use should be released with
necessary safeguards to allow for controlled use of the model, for example by requiring
that users adhere to usage guidelines or restrictions to access the model or implementing
safety filters.

* Datasets that have been scraped from the Internet could pose safety risks. The authors
should describe how they avoided releasing unsafe images.

* We recognize that providing effective safeguards is challenging, and many papers do
not require this, but we encourage authors to take this into account and make a best

faith effort.
Licenses for existing assets
Question: Are the creators or original owners of assets (e.g., code, data, models), used in
the paper, properly credited and are the license and terms of use explicitly mentioned and
properly respected?
Answer: [NA]
Justification: We have not used any existing assets.
Guidelines:

» The answer NA means that the paper does not use existing assets.

* The authors should cite the original paper that produced the code package or dataset.

* The authors should state which version of the asset is used and, if possible, include a
URL.

* The name of the license (e.g., CC-BY 4.0) should be included for each asset.

* For scraped data from a particular source (e.g., website), the copyright and terms of
service of that source should be provided.

* If assets are released, the license, copyright information, and terms of use in the
package should be provided. For popular datasets, paperswithcode.com/datasets
has curated licenses for some datasets. Their licensing guide can help determine the
license of a dataset.

* For existing datasets that are re-packaged, both the original license and the license of
the derived asset (if it has changed) should be provided.

* If this information is not available online, the authors are encouraged to reach out to the
asset’s creators.

New assets

Question: Are new assets introduced in the paper well documented and is the documentation
provided alongside the assets?

Answer:

Justification: We have not created a new asset throughout this study.
Guidelines:

* The answer NA means that the paper does not release new assets.

* Researchers should communicate the details of the dataset/code/model as part of their
submissions via structured templates. This includes details about training, license,
limitations, etc.

* The paper should discuss whether and how consent was obtained from people whose
asset is used.

* At submission time, remember to anonymize your assets (if applicable). You can either
create an anonymized URL or include an anonymized zip file.

Crowdsourcing and research with human subjects

Question: For crowdsourcing experiments and research with human subjects, does the paper
include the full text of instructions given to participants and screenshots, if applicable, as
well as details about compensation (if any)?

Answer:
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Justification: We have not performed the crowdsourcing experiments and others.
Guidelines:
* The answer NA means that the paper does not involve crowdsourcing nor research with
human subjects.

¢ Including this information in the supplemental material is fine, but if the main
contribution of the paper involves human subjects, then as much detail as possible
should be included in the main paper.

* According to the NeurIPS Code of Ethics, workers involved in data collection, curation,
or other labor should be paid at least the minimum wage in the country of the data
collector.

Institutional review board (IRB) approvals or equivalent for research with human
subjects

Question: Does the paper describe potential risks incurred by study participants, whether
such risks were disclosed to the subjects, and whether Institutional Review Board (IRB)
approvals (or an equivalent approval/review based on the requirements of your country or
institution) were obtained?

Answer:
Justification: Since this study is fundamental, there is no potential risk on this point.
Guidelines:
* The answer NA means that the paper does not involve crowdsourcing nor research with
human subjects.

* Depending on the country in which research is conducted, IRB approval (or equivalent)
may be required for any human subjects research. If you obtained IRB approval, you
should clearly state this in the paper.

* We recognize that the procedures for this may vary significantly between institutions
and locations, and we expect authors to adhere to the NeurIPS Code of Ethics and the
guidelines for their institution.

* For initial submissions, do not include any information that would break anonymity (if
applicable), such as the institution conducting the review.

Declaration of LLM usage

Question: Does the paper describe the usage of LLMs if it is an important, original, or
non-standard component of the core methods in this research? Note that if the LLM is used
only for writing, editing, or formatting purposes and does not impact the core methodology,
scientific rigorousness, or originality of the research, declaration is not required.

Answer:
Justification: We have used LLM only for the formatting purposes.
Guidelines:

* The answer NA means that the core method development in this research does not
involve LLMs as any important, original, or non-standard components.

¢ Please refer to our LLM policy (https://neurips.cc/Conferences/2025/LLM)
for what should or should not be described.
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